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Algebba naturally follows Arithmetic in a conrBC of scien- 
tiiic studies. Tlie language of figures, and the elementary 
combinations of numbers, are acquired at an early age. 
WTien the pupil passes to a new system, conducted by 
letters and signs, the change seems abrupt; and he often 
experiences much difficulty before perceiving that Algebi'a 
is but Arithmetic written in a different language. 

It is the design of this work to supply a connecting link 
between Arithmetic and Algebra ; to indicate the unity of 
the methods, and to conduct the pupil from the arithmetical 
processes to the more abstract methods of analysis, by easy 
and simple gradations. The work is also introductory to 
the University Algebra, and to the Algebra of M. Bourdon, 
which is justly considered, both in this country and in 
Europe, as the best text-book on the subject, which has yet 
appeared. 

In the Introduction, or Mental Exercises, the language 
of figures and letters are both employed. Each Lesson is 
so arranged as to introduce a single principle, not known 
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before, and the whole is so combined as to prepare the 
pMpil, by a thorough system of mental training, for those 
processes of reasoning which are peculiar to the algebraio 
analysis. 

It is about twenty years since the first publication of the 
Eekmkntabt Algebra. Within that time, great changes 
have taken place in the schools of the country. The sys- 
tems of mathematical instruction have been improved, new 
methods have been developed, and these requu'e correspond- 
ing modifications in the text-books. Those modifications 
have now been made, and this work will be permanent in 
its present form. 

Many changes have been made in the present edition, at 
the suggestion of teachers who have used the work, and 
favored me with their opinions, both of its defects and 
merits. I take this opportunity of thanking them for the 
valuable aid they have rendered me. The criticisms of 
those engaged in the daily business of teaching are invalu- 
able to an author ; and I shall feel myself under special 
obligation to all who will be at the trouble to communicate 
to me, at any time, such changes, either in methods or lan- 
guage, as their experience may point out. It is only through 
the cordial co-operation of teachers and authors — ^by joint 
labors and mutual efforts — that the text-books of the country 
can be brought to any reasonable degree of perfectioa 

Columbia Ccllsgb, New York, March^ 1869. 
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1. The Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of 
the pupil for those higher processes of reasoning, which it 
is the peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though perhaps, in the begin- 
ning, some aid may be necessary to those unaccustomed^ to 
such exercises. 

3. Great care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinctly 
explained. 

4. The reasoning process is the logical connection of dis- 
tinct apprehensions, and the deduction of the consequences 
which follow from such a connection. Hence, the basis of 
all reasoning must lie in distinct elementary ideas. 

5. Therefore, to teach one thing at a time— to teach that ^ 
thing trell — to explain its connections with other things, 
and the consequences which follow from such connections, 
would seem to embrace the whole art of instruction. 
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LESSON L 

1. John and Charles have the same number of apples; 
both together have twelve : how many has each ? 

Analysis. — ^Let x denote the number which John has ; 
then, since they have an equal number, x will also denottj 
the number which Charles has, and twice a?, or 2a5, will 
denote the number which both have, which is 12. If twice 
« is equal to 12, x will be equal to 12 divided by 2, which 
is 6 ; therefore, each has 6 apples. 

WRITTEN. 

Let X denote the number of apples which John has; 
then, 

12 
X + a; = 2a5 = 12; hence, a; = — = 6. 

2 

Note. — ^When x is written with the sign + before it, 
it is read plus x : and the line above, is read, x plus x 
eguaU 12, 
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Note. — ^Wbcn x is written by itself, it is read one a» 
and is the same as, la;; 

X or lie, means once * as, or one x^ 

2Xj ** twice a, or two as, 

3a, " three times ic, or three a, 

4as, ** four times as, or four x^ 

&C^ &C.J &Q* 

2. What is aj 4- « equal to ? 

8. What is 05 + 2aj equal to ? 

4. What is 05 + 2aj + x equal to? 

6. What is 05 + 6a5 -f x equal to ? * . 

6. What is as + 2a5 + 3a5 equal to ? 

1. James and John together have twenty-four peaches, 
and one has as many as the other : how many has each? 

Analysis. — ^Let 05 denote the number which James has ; 
then, since they have an equal number, x will also denote 
the number which John has, and twice 05 will denote the 
number which both have, which is 24. If twice 05 is equal 
to 24, 05 will be equal to 24 divided by 2, which is 12 ; 
therefore, each has 12 peaches. 

WBITTEN'* 

Let 05 denote the number of peaches which James has ; 
then, 

24 
03 + 05 = 2as = 24; hence, os = — - = 12. 

VERIFICATION, 

A Verification is the operation of proving that the nura^ 
ber found will satisfy the conditions of the question. Thus, 

James* apples. John's apples. 

12 + 12 = 24. 

Note. — ^Let the following questions be analyzed^ toritten^ 
and ver\fi^ in exactly the same manner as the above. 
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8. William and John together have 36 pears, and one has 
as many as the other : how many has each ? 

9. What number added to itself will make 20 ? 

10. James and John are of the same age, and the sum of 
their ages is 32 : what is the age of each ? 

11. Lucy and Ann are twins, and the sum of their ages 
is 1 6 : what i* the age of each ? 

12. What number is that which added to itself will 
make 30? 

13. What number is that which added to itself will 
make 50? 

1 4. Each of two boys received an equal sum of money at 
Christmas, and together they received 60 cents : how much 
had each ? 

15. What number added to itself will make 100? 

16. John has as many pears as William; together they 
have 72 : how many has each ? 

1 7. What number added to itself will give a sum equal 
to 46? 

1 8. Lucy and Ann have each a rose bush with the same 
number of buds on each ; the buds on -both number 46 : 
how many on each ? y 



LESSON n. 

1. John and Charles together have 12 apples, and Charles 
has twice as many as John : how many has each ? 

Analysis. — Let x denote the number of apples which 
John has ; then, since Charles has twice as many, 2x will 
denote his share, and a; 4- 2ic, or 3a;, will denote the 
number which they both have, which is 12. If Sx is equal 
to 12, X will be equal to 12 divided by 3, which is 4; 
therefore, John has 4 apples, and Chailes, having twice as 
many, has 8. 
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WRITTEN. 

I<et X denote the number of apples John has , then, 
2x will denote the number of apples Charles has; and 
X -t '2.x = Sx = 12, the number both have; then, 

12 
35 = -— = 4, the number John has ; and, 
• 3 

2a; = 2 X 4 = 8, the number Charles has. 

VERIFICATION. 

4 + 8 = 12, the number both have. 

2. William and John together have 48 quills, and William 
has twice as many as John : how many has each ? 

3. What number is that which added to twice itself will 
give a number equal to 60 ? 

4. Charles' marbles added to John's make 3 times as many 
as John has; together they have 51 : how many has each? 

Analysis. — Since Charles' marbles added to John's make 
three times as many as Charles has, Charles must have one 
third, and John two thirds of the whole. 

Let x denote the -number which Charles has ; then 2x 
will denote the number which John has, and x + 2a;, or 
3a;, will denote what they both have, which is 51. Then, if 
3a; is equal to 51, x will be equal to 51 divided by 3, 
which is 17. Therefore, Charles has 11 marbles, and John, 
having twice as many, has 34. 

WRITTEN. 

Let X denote the number of Charles' marbles; then, 

2a; will denote the number of John's marbles; and 

3a; = 51, the number of both ; then, 

a; — -— = 17, Charles' marbles; and 

J 17 X 2 = 34, John's marbles. 
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5. What number added to twice itself Avill make 76 ? 

6. What number added to.tAvice itself will make 67 ? 

7. What number added to twice itself will make 39? 

8. What number added to twice itself will give 90 ? 

9. John walks a certain distance on Tuesday, twice as 
far on Wednesday, and in the two days he walks 27 miles • 
how far did he walk each day ? 

I 10. Jane's bush has twice as many roses as Nancy's: and 
on both bushes there are 36 : how many on each ? 

11. Samuel and James bought a ball for 48 cents ; Samuel 
paid twice as much as James : what did each pay ? 

12. Divide 48 into two such parts that one shall be double 
the other. 

13. Divide 66 into two such parts that one shall be double 
the other. 

14. The sum of three equal numbers is 12 : what are the 
numbers ? 

Analysis. — ^Let x denote one of the numbers; then, 
since the numbers are equal, x will also denote each of 
the others, and x plus x plus as, or Sx will denote their 
sum, which is 12. Then, if dx is equal to 12, x will be 
equal to 12 divided by 3, which is 4 : therefore, the numbers 
are 4, 4, and 4. 

WRITTEN. 

Let X denote one of the equal numbers ; then, 
X + X -{- X = Sx = 12; and 

^ = T= ^- 

VERIFICATION. 
4 + 4 + 4 = 12. 

15. The sum of three equal numbers is 24 : what are the 
numbers? 

16. The sum of three equal numbers is 36 : what are the 
numbers ? 



14 IlTTRODUCTIOir. 

17. The sum of three equal numbers is 54 : what are the 
numbers? 



LESSON m. 

1. What number is that which added to three times itself 
will make 48 ? 

AxALYsis. — Let X denote the number; then, Sx will 
denote three times the number, and x plus 3a;, or 4a, 
will denote the sum, which is 48. If 4x is equal to 48, 
x will be equal to 48 divided by 4, which is 12; there- 
fore, 12 is the required number. 

WRITTEN. 

Let X denote the number; then, 

335 = three times the number; and 
JB -f 3a; = 4a; j= 48, the sum : then, 

05 = — - = 12, the required number. 
4 

VERIFICATION. 

12 + 3 X 12 = 12 + 36 = 48. 

Note. — All similar questions are solved by the same 
form of analysis. 

2. What number added to 4 times itself will give 40 ? 

3. What number added to 5 times itself will give 42 ? 

4. What number added to 6 times itself -will give 63 ? 
6. What number added to 7 times itself will give 84 ? 
6. What number added to 8 times itself will give 81 ? 
1. What number added to 9 times itself will give 100? 

8. James and John together have 24 quills, and John has 
three times as many as James : how many has each ? 

9. William and Charles have 64 marbles, and Charles has 
7 tiroes as many as William : how many has eatA ? 
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10. James and John travel 96 miles, and James travels 
11 tiinus as £ir as John : how far does each travel ? 

11. The sura of the ages of a fiither and son is 84 years; 
and the fiither is 3 times as old as the son : what is the age 
of each ? 

12. There are two numbers of which the greater is 7 
limes the less, and their sum is 72 : what are the numbers? 

13. The sum of four equal numbers is 64: what are the 
numbers ? 

14. The sum of six equal numbers is 54: what are the 
numbers ? 

15. James has 24 marbles ; he loses a certain number, and 
then gives away 1 times as many as he loses which takes all 
he has : how many did he give away ? Veiify. 

16. William has 36 cents, and divides them between his 
two brothers, James and Charles, giving one, eight times as 
many as the other: how many does he give to each? 

17. What is the sum of x and 3aj? Of a and 7a5? 
Of X and 6x? Of x and 12a;? ^ 



LESSON IV. 

1. If 1 apple costs 1 cent, what will a number of apples 
denoted by x cost? 

Analysis. — Since one apple costs 1 cent, and since as 
denotes ani/ number of apples, the cost of x apples will be 
as many cents as there are apples : that is, x cents. 

2. If 1 apple costs 2 cents, what will x apples cost? 

Analysis. — Since one apple costs 2 cents, and since x 
denotes the number of apples, the cost will be twice as many 
cents as there are apples : that is 2x cents. 

3. If 1 apple costs 3 cents, what will x apples cost ? 

4. If 1 lemon costs 4 cents, what will x lemons cost ? 
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6. If 1 orange costs 6 cents, what will x oranges cost ? 

6. Charles bought a certain number of lemons at 2 cents 
apiece, and as many oranges at 3 cents apiece, and paid in all 
20 cents : how many did he buy of each ? 

Analysis. — ^Let x denote the number of lemons ; then, 
since he bought as many oranges as lemons, it will also 
denote the number of oranges. Since the lemons were 
2 cents apiece, 2x will denote the cost of the lemons ; and 
since the oranges were 8 cents apiece, Sx will denote 
the cost of the oranges ; and 2x + 3a;, or 5x^ will denote 
the cost of both, which is 20 cents. Now, since 6x cents 
are equal to 20 cents, x will be equal to 20 cents divided by 
6 cents, which is 4 : hence, he bought 4 of each. 

WRITTEN. 

Let X denote the number of lemons, or oranges ; then, 
2x = the cost of the lemons ; and 
3a; = the cost of the oranges ; hence, 
2a5 4- 3a; = 5a; = 20 cents = the cost of lemons and 

oranges ; hence, 

X = -— = 4, the number of each. 

5 cents 

VERIFICATION. 

4 lemons at 2 cents each, give, 4x2= 8 cents. 

4 oranges at 3 cents each, " 4 x 3 = 12 cents. 

Hence, they both cost, 8 cents +12 cents = 20 cents. 

?. A farmer bought a certain number of sheep at 4 dollars 
apiece, and an equal number of lambs at 1 dollar apiece, 
and the whole cost 60 dollars: how many did he buy of 
each ? 

8. Charles bought a certain number of apples at 1 cent 
apiece, and an equal number of oranges at 4 cents apiece, and 
paid 50 cents in all : how many did he buy of each ? 
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• 9. James bought an equal number of apples, pears, and 
lemons ; he paid 1 cent apiece for the apples, 2 cents apiece 
for the pears, and 3 cents apiece for the lemons, and paid 
72 cents in all : how many did he buy of each ? Verify. 

10. A farmer bought an equal number of sheep, hogs, 
and calves, for which he paid 108 dollars; he paid 3 dollars 
apiece for the sheep, 5 dollars apiece for the hogs, and 
4 dollars apiece for the calves : how many did he buy of 
each? 

11. A farmer sold an equal number of ducks, geese, 
and turkeys, for which he received 90 shillings. The ducks 
brought him 3 shillings apiece, the geese 5, and the turkeys 
V : how many did he sell of each sort ? 

12. A tailor bought, for one hundred dollars, two pieces 
of cloth, each of which contained an equal number of yards. 
For one piece he paid 3 dollars a yard, and for the other 
2 dollars a yard : how many yards in each piece ? 

13. The sum of three numbers is 28 ; the second is t^vice 
the first, and the third twice the second: what are the 
numbers ? Verify. 

14. The sum of three numbers is 64 ; the second is 3 times 
the first, and the third 4 tunes the second : what are the 
numbers ? 



LESSON V. 

1. If 1 yard of cloth costs x dollars, what will 2 yards 
cost ? 

Analysis. — ^Two yards of cloth will cost twice as much as 
one yard. Therefore, if 1 yard of cloth costs x dollars, 
2 yards will cost tmce x dollars, or 2x dollars. 

2. If 1 yard of cloth costs x dollars, what will 3 yards 
cost? Why? 
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3. If 1 orange costs x cents, what wiT 7 crat»ge* cost? 
Why? 8 oranges?, 

4. Charles bought 3 lemons and 4 ora.i^cp, for which he 
paid 22 cents. He paid twice as much for an orange as for 
a lemon : what was the price of each ? 

Analysis. — Let x denote the price of a lemon ; then, 2x 
will denote the price of an orange ; Sx will denote the cost 
of 3 lemons, and Sx the cost of 4 oranges; hence, 3a; plus 
8a;, or lla;, will denote the cost of the lemons and oranges, 
which is 22 cents. If 11a; is equal to 22 cents, x is equal to 
22 cents divided by 11, which is 2 cents: therefore, the 
pnce of 1 lemon is 2 cents, and that of 1 orange 4 cents. 

WRITTEN, 

Let X denote the price of 1 lemon ; then, 
2a; = " 1 orange; and, 

Srr -f 8a; = 11a; = 22 cts., the cost of lemons and oranges; 

22 cts 
hence, x = — -^ = 2 cts., the price of 1 lemon ; 

tmd, 2x2 = 4 cts., the price of 1 orange. 

VERIFICATION. 

3x2= 6 cents, cost of lemons, 
4x4 = 16 centa, cost of oranges. 
22 cents, total cost. 

6. James bought 8 apples and 3 oranges, for which ho 
paid 20 cents. He paid as much for I orange as for 4 applet: 
what did he pay for one of each ? 

6. A farmer bought 3 calves and 7 pigs, for which he psdd 

1 9 dollars. He paid four times as much for a calf as for a 
pig : what was the price of each ? 

1. James bought an apple, a peach, and a pear, for which 
he paid 6 oents. He paid twice as much for the peach as for 
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the apple, and three times as much for the pear as for the 
apj)Ie : what was the piice of each ? 

8. William bought an apple, a lemon, and an orange, for 
which he paid 24 cents. lie paid twice as much for the 
lemon as for the apple, and 3 times as much for the orange 
as for the apple : what was the price of each ? 

9. A fanner sold 4 calves and 5 cows, for which he received 
120 dollars. He received as much for 1 cow as for 4 calves : 
what was tlie price of each ? 

10. Lucy bought 3 pears and 6 oranges, for which she 
paid 26 cents, giving twice as much for each" orange as for 
each pear : what was the price of each ? 

11. Ann bought 2 skeins of silk, 3 pieces of tape, and a 
penknife, for which she paid 80 cents. She paid the same 
for the silk as for the tape, and as much for the penknife as 
for both : what was the cost of each ? 

12. James, John, and Charles are to divide 56 cents 
among them, so that John shall^have twice as many as 
James, and Charles t^vice as many as John: what is the 
share of each ? 

13. Put 54 apples into three baskets, so that the second 
shall contain twice as many as the first, and the third as 
many as the first and second : how many will there be iu 
each. 

1 4. Divide 60 into four such parts that the second shall 
be double the first, the third double the second, and the 
fourth double the third : what are the numbers ? 

^ 

^ LESSON VL ♦ 

1. If 2a5 4- « is equal to 3aj, what is 3aj — a equal 
to? Written, 3a; — jb = 2x. 

a. What is 405 — 05 equal to ? Written, 
4as — « = dflB. 
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8, What is Sx minus 6a5 equal to ? Written, 

8aj — 6a; = 2x, 
4. What is 12aj — 9aj equal to? Ans. Sm, 

6. What is 15a5 — 1x equal to ? 

6. What is 17a5 -- 13a5 equal to? Ans. 4x. 

7. Two men, who are 30 miles apart, travel towards each 
other ; one at the rate of 2 miles an hour, and the other at 
the rate of 3 miles an hour : how long before they will meet? 

Analysis. — ^Let x denote the number of hours. Then, 
since the time, multiplied by the rate, will give the distance, 
2x will denote the distance traveled by the first, and Sx 
the distance traveled by the second. But the sum of the 
distances is 30 miles ; hence, 

2a5 4- 3aj = 6a; = 30 miles ; 
and if 5x is equal to 30, cc is equal to 30 divided by 6, 
which is 6 : hence, they will meet in 6 hours. 

WRITTEN. 

Let X denote the time in hours; then, : 

2a; = the distance traveled by the 1st ; and 
3aj = " " 2d. 

By the conditions, 

2aj 4- 3a; = 5x = 30 miles, the distance apart ; 

hence, a; = — - = 6 hours. 

5 

VERIPICATTON. 

2x6 = 12 miles, distance traveled by the first. 
3x6 = 18 miles, distance traveled by the second. 
30 miles, whole distance. 

8. Two persons are 10 miles apart, and are traveling in 
the same direction ; the first at the rate of 3 miles an hour, 
and the second at the rate of 5 miles : how long, before the 
second will overtake the first ? 
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Analysis. — Let x denote the time, in hours. Then, 3a! 
will denote the distance traveled by the first in x hours; 
and 5x the distance traveled by the second. But when 
the second overtakes the first, he will have traveled 10 milea 
more than the first : hence, 

5aj — 3a; = 2aj = 10 ; 
if 2x is equal to 10, x is equal to 5 : hence, the second will 
overtake the first in 5 hours. 

WRITTEN, 

Let X denote the time, in hours: then, 
3a; = the distance traveled by the 1st ; 
and, 5a; = " " 2d; 

and, 6a; — 3a; = 2a; = 10 hours; 

or, a; = --- = 5 hours. 

VERIFICATION. 

3x5 = 15 miles, distance traveled by 1st. 
6 X 5 = 25 miles, " « 2d. 

25 — 15 = 10 miles, distance apart. 

9. A cistern, holding 100 hogsheads, is filled by two 
pipes ; one discharges 8 hogsheads a minute, and the other 
12 : in what time will they fill the cistern ? 

10. A cistern, holding 120 hogsheads, is filled by 3 pipes ; 
the first discharges 4 hogsheads in a minute, the second 7, 
and the third 1 : in what time will they fill the cist em ? 

11. A cistern which holds 90 hogsheads, is filled by a pipe 
which discharges 10 hogsheads a minute; but there is a 
traste pipe which loses 4 hogsheads a minute: how long 
will it take to fill the cisteiTi ? 

12. Two pieces of cloth contain each an equal number of 
yards ; the first cost 3 dollars a yard, and the second 6, and 
both pieces cost 96 dollars : how many yards in each ? 

13. Two pieces of cloth contain each an equal number of 
yards ; the first cost 1 dollars a yard, and the second 5 ; the firsi 
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cost 60 dollars more than the second : how many yards in 
each piece ? 

14. John bought an equal number of oranges and lemons 
the oranges cost him 5 cents apiece, and the lemons 3 ; and 
he paid 56 cents for the whole : how many did he buy of 
each kind ? 

15. Charles bought an equal humber of oranges and 
lemons; the oranges cost him 5 cents apiece, and the 
lemons 3 ; he paid. 14 cents more for the oranges than for 
the lemons : how many did he buy of each ? 

16. Two men work the same number of days, the one 
Kceives 1 dollar a day, and the other two : at the end of 
the time they receive 54 dollars : how long did they work ? 



LESSON vn. 

1. John and Charles together have 25 cents, and Charles 
has 5 more than John : how many has each ? 

Analysis. — Let x denote the number which John has ; 
then, aj + 6 will denote the number which .Charles has, and 
05 -I- a + 5, or 2a5 + 5, will be equal to 25, the number 
they both have. Since 2a; + 5 equals 25, 2a5 will be 
equal to 25 minus 6, or 20, and x will be equal to 20 
divided by 2, or 10: therefore, John has 10 cents, and 
Charles 15. 

WRnTBN, 

Let X denote the number of John's cents ; then, 
35 + 5 = " Charles' cents ; and, 

X + X -\- 5 = 25, the number they both have ; or, 
2aj + 5 = 25 ; and, 

2a5 = 25 — 5 = 20; hence, 

20 
a = — =10, John's number; and, 

10 + 5 = 15, Charles' number. 
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SXBSOISBS. 




VEEIFIOATION. 


John'ta. 


Charles*. 




10 


+ 15 


*= 25, the Bom. 


CharleB! 


John^a. 




15 


— 10 


= 6, the difference. 



28 



2. James and John have 30 marbles, and John has 4 more 
liimi James : how many has each ? 

3. William bought 60 oranges and lemons; there were 
20 more lemons than oranges : how many were there ot 
each sort ? 

4. A fanner has 20 more cows than calves ; in all he has 
30 : how many of each sort? 

5. Lucy lias 28 pieces of money in her purse, composed 
of cents and dimes ; the cents exceed the dimes in number 
by 16 : how many are there of each sort ? 

6. What number added to itself, and to 9, will make 29 ? 

7. What number added to twice itself, aftd to 4, wnH 
make 25? 

8. What number added to three times itself, and to 12, 
will make 60 ? 

9. John has five times as many marbles as Charles, and 
what they both have, added to 14, makes 44 : how many has 
each ? 

10. There are three number, of which the second is twice 
the first, and the third twice the second, and when is 
added to the sum, the result is 30 : what are the numbers ? 

11. Divide 13 into two such parts that the second shall 
be two more than double the first: what are the parts? 

12. Divide 50 into three such parts that the second shall 
be twice the fii-st, and the third exceed six times the first 
by 4 : what are the parts? 

13. Charles has twice as many cents as James, and John 
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has twice as many as Charles ; if 7 be added to what they 
all have, the sum will be 28 : hoAV many has each ? 

14. Divide 15 into three such parts that the second shall 
be 3 times the first, the thii'd twice the second, and 6 over : 
what are the numbers ? 

15. An orchard contains three kinds of trees, apples, pears, 
and ' cherries ; there are 4 times as many pears as apples, 
twice as many cherries as pears, and if 14 be added, the 
number will be 40 ; how many are there of each ? 
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1. John after giving away 6 marbles, had 12 left: how 
many had he at first ? 

Analysis. — Let x denote the number ; then, x minus 6 
will denote what he had left, which was equal to 12. Since 
X diminished by 5 is equal to 12, x will be equal to 12, 
increased by 6 ; that is, to 17 : therefore, he had IV marbles. 

WRITTEN. 

Let x denote the number he had at first; then, 
aj — 6 = 12, what he had left; and 

x = 12 + 6 = 17, what he first had. 

VERIFICATION. 

17 — 6 = 12, what were left. 

2. Charles lost 6 marbles and has 9 left : how many had 
he at first ? 

3. William gave 15 cents to John, and had 9 left : how 
many had he at first ? 

4. Ann plucked 8 buds from her rose bush, and there 
were 19 left : how many were there at first ? 
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6. William took 27 cents from his purse, and there were 
13 'left: how many were there at first? 

6. The smn of two numbers is 14, and their difference is 2: 
what are the numbers ? 

Analysis. — ^The difference of two numbers, added to the 
less, will give the greater. Let x denote the less number; 
then, a + 2, will denote the greater, and 05 + 05 + 2, 
will denote their sum, which is 14. Then, 2a; + 2 equals 
14; and 2a; equals 14 minus 2, or 12: hence, x equals 
12 divided by 2, or 6 : hence, the numbers are 6 and 8. 

VERIFICATION. 

6 + 8 = 14, their sum ; and 
8 — 6 = 2, their difference. 

7. The sum of two numbers is 18, and their difference 6 s 
what are the numbers ? 

8. James and John have 26 marbles, and James has 4 more 
than John : how many has each ? 

9. Jane and Lucy have 16 books, and Lucy has 8 more 
than Jane : how many has each ? 

10. William bought an equal number of oranges and 
lemons ; Charles took 5 lemons, after which William had but 
26 of both sorts : how many did he buy of each ? 

11. Mary has an equal number of roses on each of two 
bushes ; if she takes 4 from one bush, there will remain 24 
on both : how many on each at first ? 

12. The sum of two numbers is 20, and their difference 
is 6 : what are the numbers ? 

Analysis. — ^If x denotes the greater number, a; — 6 will 
denote the less, and a; + a; — 6 will be equal to 20 ; hence, 
205 equals 20 + 6, or 26, and . x equals 26 divided by 2, 
equals 13 ; henee the numbers are 13 and 7. 
8 
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WKTITJ&N. 

Let X denote the greater; then, 

(B -^ 6 = the less ; and 

CB 4- 0! — 6 = 20, their sum ; hence, 

205 = 20 + 6 = 26 ; or, 

26 
flj = — = 13 ; and 13 — 6 = 7. 

VKRIFICA.TION. 

13 + 7 = 20; and, 13 — 7 = 6. 

13. The sum of the ages of a father and son is 60 yeaifli 
and their difference is just half that number : what are theii 
ages ? 

14. The sum of two numbers is 23, and the larger lacks 
1 of being 7 times the smaller : what are the numbers ? 

15. The sum of two numbers is 50 ; the larger is equal to 
10 times the less, minus 5 : what are the numbers ? 

16. John has a certain number of oranges, and Charles 
has four times as many, less seven ; together they have 53 : 
how many has each ? 

11. An orchard contains a certain number of apple trees, 
and three times as many cheiTy trees, less 6 ; the whole num- 
ber is 30 : how many of each sort ? 



LESSON ES:. 

1. If a; denotes any number, and 1 be added to it, what 
will denote the sum ? Ans. x + 1, 

2. If 2 be added to jb, what will denote the sum ? If 3 
be added, what ? If 4 be added ? &c. 

If to John's marbles, one marble be added, twice his nuni!- 
ber will be equal to 10 : how many had he ? 

Analysis. — ^Let x denote the number ; then, sb + 1 will 
denote the number after 1 is added, and twice this number, 
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or 205 + 2, Tdll be equal to 10. If 2a; + 2 is equal to 10, 
2x will be equal to 10 minus 2, or 8 ; or x will be equal to 4. 

WKriTKN, 

Let, X denote the numbQ;r of John's marbles ; then, 
X + I = the number, after 1 is added ; and 
2(a5 + 1) = 2a; + 2 = 10; hence, 

Q 

2a; = 10 — 2 ; or 05 = - = 4. 
2 

VEEEFICATION. 
2(4 + 1) = 2 X 6 = 10. 

4. Write a; + 2 multiplied by 3. Ans. S{x + 2). 

What is the product ? Ans, 3a;-f6. 

6. Write ar + 4 multiplied by 6. Ans. b{x + 4). 
What is the product ? Ans. 5x + 20. 

J6. Wi-ite a; + 3 multiplied by 4. A71S. 4{x + 3). 

What is the product? Ans. 4x + 12. 

7. Lucy has a certain number of books ; her father gives 
her two more, when twice her number is equal to 14 : how 
many has she ? 

8. Jane has a certain number of roses in blossom ; two 
more bloom, and then 3 times the number is equal to 15 : 
how many were in blossom at first ? 

9. Jane has a certain number of handkerchiefs, and buys 
4 more, when 5 times her number is equal to 45 : how many 
had she at first ? 

10. John has 1 apple more than Charles, and 3 times 
John's, added to what Charles has, make 15 : how many 
has each ? 

Analysis. — ^Let x denote Charles' apples ; then a; + 1 will 
denote John's ; and a; -f- 1 multiplied by 3, added to a;, or 
3a; -f 3 -f- a;, will be equal to 15, what they both had ; hence, 
4o; + 3 equals 15; and 4a; equals 15 minus 3, or 12; and 
88 5= 4. Write, and verify. 
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11. James has two marbles more than William, and twice 
his marbles plus twice William's are equal to 16 : how jJWrny 
has each ? 

12. Divide 20 into two such parts that one part shall ex- 
ceed the other by 4^ 

13. A fruit-basket contains apples, pears, and peaches; 
there are 2 more pears than apples, and twice as many 
peaches as pears ; there are 22 in all : liow many of each 
sort? 

14. What is the sum of a; + 3a5 + 2(a5 + 1) ? 

15. What is the sum of 2{x -f 1) + l(a; -f 1) + »? 

16. What is the sum of cc -f- b{x + 8) ? 

17. The sum of two numbers is 11, and the second is equal 
to twice the first plus 4 : what are the numbers ? 

18. John bought 3 apples, 3 lemons, and 3 oranges, for 
which he paid 27 cents; he paid 1 cent more for a lemOn 
than for an apple, and 1 cent more for an orange than for a 
lemon : what did he pay for each ? 

19. Lucy, Mary, and Ann, have 15 cents; Mary has 1 
more than Lucy, and Ann twice as many as Mary? 



LESSON X. 

1. If aj denote any number, and 1 bo subtracted from :t^ 
what will denote the difference ? Arts. 05 — 1. 

If 2 be subtracted, what will denote the difference ? If 
3 be subtracted ? 4 ? &g. 

2. John has a certain number of marbles ; if 1 be taken 
away, twice the remainder will be equal to 12 : how many 
has he ? 

Analysis. — Lot x denote the number ; then, a; — 1 will 
denote the number after 1 is taken away ; and twice this 
number, or 2(a — 1) = 2aj — 2, ^vill be equal to 12. If 2a 
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diminished by 2 is equal to 12, 2x is equal to 12 plus 2, or 
14 ; hence, x equals 14 divided by 2, or 7. 

WETITEN, 

Let X denote the number; then, 

05 — 1 = the number which remained, and* 
2(a; — 1) = 2a; — 2 = 12 ; hence, 

2a; = 12 -h 2, or 14 ; and 05 = i^ = 7. 

TEEIFICATION, 

2(7-1) = 14 - 2 = 12 ; also, 2(7 - 1) = 2 X 6 = 12 

3. Write 3 times a; — 1, Ans. 3{x — 1). 
What is the product equal to ? Ans. Sx — 3. 

4. Write 4 times a; — 2. Ans, 4{x — 2). 
What is the product equal to ? Ans, 4x — 8. 

6. Write 6 times a; — 5. A7is, 6 (a — 5). 

What is the product equal to ? Ans. 6x — 25. 

6. If a; denotes a certain number, will a; — 1 denote a 
greater or less number ? how much less ? 

7. If a; — 1 is equal«to 4, what will x be equal to ? 

, Ans, 4 + 1, or 6. 

8. If a; — 2 is equal to 6, what is x equal to ? 

9. James and John together have 20 oranges ; John has 
6 le88 than James : how many has each ? 

10. A grocer sold 12 pounds of tea and coffee ; if the tea 
be diminished by 3 pounds, and the remainder multiplied by 
2, the product is the number of pounds of coffee : how many 
pounds of each ? 

11. Ann has a certain number of oranges; Jane has 1 less, 
and twice her number added to Ann's make 13 : how many 
has each ? 

Analysis. — Let x denote the number of oranges wliich 
Ann has; then, a; - 1 will denote the number Jane has, 
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and a; + 2aj — 2, or 3a; — 2, will denote the numher both 
have, which is 13. If 3a; — 2 equals 13, 3a5 will be equal 
to 13 + 2, or 15 ; and if 3aj is equal to 16, x will be equal 
to 15 divided by 3, which is 6 : hen^e, Ann has 6 oranges 
and Jane 4. 

WltCrTEN'. 

Let X denote the number Ann has ; then, 

a5 — 1 = the number Jane has ; and 

2 (as— 1) = 2aj — 2 = tw^ce what Jane has; also, 

« + 2a; — 2 = 3a5 — 2 = 13; hence, 

15 
3a; = 13 + 2 = 16; or a = — = 5. 

VERIFICATION. 

6 — 4 = 1 ; and 2 X 4 + 5 = 13. 

12. Charles and John have 20 cents, and John has 6 less 
than Charles : how many has each ? 

13. James has twice as many oranges as lemons in his bas- 
ket, and if 6 be taken from the whole number, 19 wiU re- 
main : how many had he of each ? • 

14. A basket contains apples, peaches, and pears; 29 in 
all. If 1 be taken from the number of apples, the remainder 
will denote the number of peaches, and twice that remainder 
will denote the number of pears : how many are there of 
each sort? 

15. If 2a; — 6 equals 16, what is the value of a;? 

16. If 4a; — 6 is equal to 11, what is the value of a;? 

17. If 6a5 — 12 is equal to 18, what is the value of a;? 

18. The sum of two numbers is 32, and the greater ex; 
ceeds the less by 8 : what are the numbers ? 

19. The sum of 2 numbers Is 9 ; if the greater number 
be diminished by 5, and the remainder multiplied by 3, the 
product will be the less number : w^hat are the numbers ? 

20. There are three numbers such that 1 taken from the 
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first will give the second; the second multiplied by 3 Trill 
give the thii'd ; and their sum is equal to 26 : what are the 
numbers ? 

21. John and Charles together have just 31 oranges; if 
1 be taken from John's, and the remainder be multiplied by 
5, the product will be equal to Charles' number : how many 
has each? 

22. A basket is filled with apples, lemons, and oranges, in 
all 26 ; the number of lemons exceed the apples by 2, and 
the number of oranges is double that of the lemons : how 
many are there of each ? 



LESSON XI. 

1. John has a certain number of apples, the half of which 
is equal to 10 : how many has he ? 

Analysis. — ^Let x denote the number of apples ; then, 
X divided by 2 is equal to 10 ; if one half of a; is equal to 
10, twice one-half of a, or aj, is equal to twice 10, which is 
20 ; hence, x is equal to 20. 

Note. — ^A similar analysis is applicable to any one of the 
fractional units. Let each question be solved according to 
the analysis. 

2. John has a certain number of oranges, and one-third of 
his number is 16 : how many has he ? 

3. If one-fifth of a number is 6, what is the number? 

4. If one-twelfth of a number is 9, what is the number ? 
6. What number added to one-half of itself will give a 

sum equal to 12? * 

Analysis. — ^Denote the number by x; then, x plus on«- 
half of X equals 12." But x plus one-half of x equals three 
halves of x: hence, three halves of x equal 12. If three 
halves of x equal 12, one-half of x equals one-third of 12, 
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or 4. If one-half of x equala^4, x equals tT^ioe 4, or 8 • 
hence, x equals 8. 

WRTrTEN. 

Let X denote the number; then, 

13 
05 + 2« = 2« = 12 ; then, 

. -05 = 4, or 05 = 8. 

YJSBJFICJlTION, 

8 + ^ = 8 + 4 = 12. 

6. What number added to one-third of itself will give a 
sum equal to 12? 

7. What number added to one-fourth of itself will give 
a sum equal to 20 ? 

8. What number added to a fifth of itself will make 24? 

9. What number diminished by one-half of itself will 
leave 4 ? Why ? 

10. What number diminished by one-third of itself will 
leave 6 ? 

11. James gave one-seventh of his marbles to William, 
and then has 24 left : how many had he at first ? 

12. What number added to two-thirds of itself will give 
a sum equal to 20 ? 

13. What number diminished by three-fourths of itself 
will leave 9 ? 

14. What number added to fivQ-sevenths of itself will 
make 24 ? 

15. 'What number diminished by seven-eighths of itself 
wiU leave 4 ? 

16. What number added to ^glt-ninths of itself will 
make 34? 
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CHAPTER I. 

I DEFINITIONS AND EXPLANATORY SIGNS. 

1. Quantity is anything that can be measured, as nunir 
ber, distance, weight, time, &g. 

To measure a thing, is to find how many times it contains 
some other thing of the same kind, taken as a standard. The 
assumed standard is called the unit of measure. 

2* Mathematics is the science which treats of the pro 
perties and relations of quantities. 

In pure mathematics, there are but eight kinds of quantity, 
and consequently but eight kinds of Units, viz. : Units of 
Number ; Units of Currency ; Units of Length ; Units of 
Surface; Units of Volume ; Units of Weight ; Units of 
Time / and Units of Angular Measure. 

3« Algebra is a branch of Mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed are indicated by signs. 

1. What is quantity? What is the operation of measuring a thing? 
What is the assumed sttadard called ? 

2. What is Mathematics ? How many kinds of quantity are there in 
the pure mathematics ? Name the "uiits of those quantities. 

8. What is Algebra? 

1* 
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4. The quantities employed in Algebra are of two kindS| 
Known and Unknown: 

Known Quantities are those whose values are given ; 

and 
Unknown Quantities are those whose values are re- 
quii-ed. 
Known Quantities are generally represented by the lead- 
ing letters of the alphabet, as, a, 6, c, &c. 

Unknown Quantities are generally represented by the 
final letters of the alphabet ; as, jc, y, 2, &c. 

When an unknown quantity becomes known, it is often 
denoted by the same letter with one or more accents ; as, 
a?', a", cc". These symbols are read : x prime; x second; 
X third, <&c, 

5. The Sign op Addifion, +, is called plus. When 
placed between two quantities, it indicates that the second 
is to be added to the first. Thus, a + ^, is read, a plus b^ 
and indicates that b is to be added to a. If no sign is 
written, the sign + is understood. 

The sign +, is sometimes called ihe positive sign, and the 
quantities before which it is written are called positive quan- 
titieSy or additive quantities, 

6. The Sign of SuBiRAcnoN, — , is called minus. When 
placed between two quantities, it indicates that the second 
is to be subtracted from the first. Thus, the expression, 

4. How many kinds of quantities are employed in Algebra ? How are 
they distinguished ? What are known"iquantities ? What are unknown 
quantities? By what are the known quantities represented? By what 
are the unknown quantities represented ? When an unknown quantity 
becomes known, how is it often denoted? 

5. What is the sign of addition called? When placed between two 
quantities, what does it indicate ? 

6. What is the sign of subtraction called ? When placed between two 
quantities, what does it indicate ? 
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c — cf, ret d c minuB e?, indicates that c? is to be subtracted 
from c. tf a stands for 6, and d for 4, then a — c^ is equal 
to 6 — 4, which is equal to 2. 

Tlie 97^ — , is sometimes called the negative sign, and the 
quantities before which it is written are called negative quan- 
^ities^ or subtractive qicantities, 

7. The Sign of Multiplication, x , is read, nmUiplied ' 
hy^ or into. When placed between two quantities, it indi- 
cates that the first is to be multiplied by the second. Thus, 
a X b indicates that a is to be multiplied by 5. If a stands 
for 7, and b for 6, then, a X 5 is equal to 7 X 6, which is 
equal to 36. 

The multiplication of quantities is also indicated by simply 
writing the letters, one after the other ; and sometimes, by 
placing a point between them ; thus, 

a X b signifies the same thing as a5, or as a.b, 

a X b X c signifies the same thing as a&c, or as a.b,c. 

8. * A Factor is any one of the multipliers,of a product. 
Factors are of two kinds, numeral and literal. Thus, in the 
expression, 5a5c, there are four factors : the wwmera^ factor, 
6, and the three literal factors, a, ^, and c. 

9. The Sign of Division, -f-, is read, divided by. Whon 
written between two quantities, it indicates that the first is 
to be divided by the second. 

7. How is the sign of multiplication read ? When placed between two 
quantities, what does it indicate ? In how many ways may multiplication 
be indicated? 

8. What b a factor ? How many kinds of factors are there ? How 
many factors are there in Zahc ? 

9. How is the sign of division read ? When wiitten between two quan- 
tities, what does it indicate ? How many ways are there of indicating 
diYifflon? 
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There are three signs used to denote division. Thii% 
a -T- b denotes that a is to be divided by ft. 
jT denotes that a is to be divided by ft. 

a \J^ denotes that a is to be divided by ft. 

10. The Sign op Equality, =, is read, eqtuzl to. When 
written between two quantities, it indicates that they are 
equal to each other. Thus, the expression, a + ft = c, in- 
dicates that the sum of a and ft is equal to c. If a stands 
for 3, and ft for 6, c will be equal to 8. 

11. The Sign op iNEQUALrrr, > <, is read, greater 
than^ or less than. When placed betw^een two quantities, 
it indicates that they are unequal, the greater one being 
placed at the opening of the sign. Thus, the expression, 
a > ft, indicates that a is greater than ft ; and the expres-* 
sion, c < c7, indicates that c is less than d. 

la. The fflgn . • . means, therefore^ or conseqitently. 

18* A CoEFPiGiENT is a number written before a quan- 
tity, to show how many times it is taken. Thus, 

a + a + a + a + a = 5a, 

in which 5 is the coefficient of a. 

A coefficient may be denoted either by a number^ or a 
letter. Thus, 5a; Indicates that x is taken 5 times, and ax 

10. What is the sign of equality ? When placed between two quanti 
ties, what does it indicate ? 

11. How is the sign of inequality read? Which quantity is placed on 
the side of the 'opening ? 

12. What does .*. indicate? 

18. What is a coeflScient ? How many times is a taken in 6a. By 
what may a coefficient be denoted ? If no coefficient is written, what 
coefficient is understood ? In bax^ how many times is ax taken? How 
niany times is x taken ? 
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indicates that x is taken a times. If no coefficient is writ- 
ten, the coefficient 1 is understood. Thus, a is the s^e 
as la. 

14. An Exponent is a number written at the right and 
above a quantity, to indicate how many times it is taken ai 
a fiictor. Thus, 

a X a is written a% 

a X a X a " a\ 

a X a X a X a " a*, 
&c., Ac, 

m which 2, 3, and 4, are exponents. The expressions are 
read, a square, a cube or a third, a fourth ; and if we have 
a"*, in which a enters m times as a factor, it is read, a to 
the mth, or simply a, mth. The exponent 1 is generally 
omitted. Thus, a^ is the same as a, each denoting that a 
enters but once aa a factor. 

1 5. A Power is a product which arises from the mxdti- ' 
plication of equal factors. Thus, 

a X a = a^ is the square, or second power of a. 

a X a X a = a^ is the cube, or third power of a. 

axaxaxa = a* is the fourth power of a. 

a X a X . . . • = a"» is the mth power of a. 

A 

16. A Root of a quantity is one of the equal factors* 

The radical sign, ^ , when placed over a quantity, indi- 
cates that a root of that quantity is to be extracted. The 
root is indicated by a number written over the radical sign, 

14. What is an exponent? In a', how many times is a taken as a fac- 
tor^ When no exponent is written, what is understood? 

15. What is a power of a quantity? What is the third power of 2? 
Of 4? Of 6? 

le. What is the root of a quantity? What indicates a root? What 
indicates the kind of root? What is the index of the square root? Of 
the cube root ? Of the mth root ? 
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called an index. Wlien the index is 2^ it is generally omit- 
ted. , Thus, 

^/a, or y/a, indicates tlie square root of a. 
^^ indicates the cube root of a. 
\/a indicates the fourth root of a. 
1{/a indicates the mth root of a. 

17. An Algebraic Expression is a quantity written in 
Igebraic language. Thus, 

g j is the algebraic expression of three times 

( the number denoted by a ; 
g 2 5 IS *^® algebraic expression of five times 
( the square of a ; 

I is the algebraic expression of seven times 
^d^V^X the the cube of a multiplied by the 
( square of 5 ; 
is the algebraic expression of the differ- 
8a — 5^ -J ence between three times a and five 
times h\ 
is the algebraic expression of twice the 
square of a, diminished by three times 
the product of a by \ augmented by 
four times the square of 5. 

18 A Term is an algebraic expression of a single quan- 
tity. Thus, 3a, 2aJ, — 5a2^2j are terms. 

19. The Degree of a term is the number of its literal 
fiictors. Thus, 

g j is a term of the first degree, because it contains but 
( one literal factor. 

17. What is an algebraic expression 

18. What is a term? 

19. W hat is tho degree of a term ? What determines the degree of a term f 



2a« — 3a5 + W'< 
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Qte- 



^ . 2 j is of the second degree, because it contains two 
( ral factors. 

■I 



is of the fourth degree, because it contains four literal 
'la^b "I factors. The degree of a term is determined by 
the sum of the exponents of all its letters. 

20. A Monomial is a single term, xmconnected with any 
other by the signs + or — ; thus, Sa\ 85^a, are monomials. 

21. A Polynomial is a collection of terms connected ' 
by the signs + or — ; as, 

Sa — 6, or, 2a^ — 8J + 4b^, 

22. A Binomial is a polynomial of two terms ; as, 

a + b^ 3a2 — c\ Qab — c\ 

23. A Trinomial is a polynomial of three terms ; as, 

abc — a^ + c^j ab — gh — f. 

^ 24. Homogeneous Terms are those which contain the 
same number of literal factors. Thus, the terms, dbc^ — a\ 
+ c^, are homogeneous ; as are the terms, aJ, — gh. 

25. A Polynomial is homogeneous, when all its terms 
410 homogeneous. Thus, the polynomial, abc — a^ -f- c^, is ^ 
*iomogeneous ; but the polynomial, ab — gh — f ]& not ho- 
mogeneous. 

26. Similar Terms are those which contain the same 
literal factors affected with the same exponents. Thus, 

*Jah + Zab — 2a5, 

20. What is a monomial ? 

21. What is a polynomial? 
9.2, What is a binomial? 

23. What is a trinomial? 

24. What are homogeneous terms ? 

9,6. When is a polynomial homogeneous ? 
96. What are similar terms? 
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are similar terms ; and so also are, 

4a' J2- 2a2^2_ 3^2^25 

but the terms of the £rst polynomial and of the last, are not 
similar. 

27. The Vinculum, , the Bar \ , the Parefiv- 

thesis, ( ) , and the Brackets, [ ] , are each used to con^ 
nect several quantities, which are to be operated upon in the 
^ same manner. Thus, each of the expressions. 



a 



X 

{a + b •}- c) X SB, 



a •}- b -{- c X Xy -h b 
+ 

and [a + b + c] X Xy 

indicates, that the sum of a, b, and c, is to be multiplied 
by X, 

2^. The Recipbogal of a quantity is 1, divided by that 
quantity; thus. 



are the reciprocals of 

o, a + ^, -• 
c 

29. The Numerical Value of an algebraic expression, 
is the result obtained by assigning a numerical value to each 
letter, and then performing tha operations indicated. Thus, 
the numeiical value of the expression, 

ab ■\- be •\- d, 
when, a = 1, J = 2, c = 3, and d^ = 4, is 

1x2 + 2x3 + 4 = 12; 
by performing the indicated operations. 

27. For whatjs the vincular used? Point out the other ways in whiA 
this may be done ? 

28. What is the reciprocal of a quantity? 

29. What is the numerical value cf an alirebraicaJ expression? 
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EXAMPLES IN WSmNG ALGEBRAIC EXFBB^IONS. 

1. Write a added to b. Ans. a + & 

2. Write b subtracted from a. Ana. a ^ b. 

Write the following : 

3. Six times the square of a, minus twice the square of ft. 

4. Six times a multiplied by ft, diminished by 6 times c 
cube multiplied by d. 

5. Nine times a, multiplied by c plus cf, diminished by 

8 times ft multiplied by d cube. 

6. Five times a minus ft, plus 6 times a cube into ft 
cube, 

7. Eight times a cube into d fourth, into e fourth, plus 

9 times c cube into d fifth, minus 6 times a into ft, into e 
square. 

8. Fourteen times a plus ft, multiplied by a minus ft, 
plus 6 times a, into c plus d. 

9. Six times a, into c plus e?, minus 6 times ft, iuto a plus 
c, minus 4 times a cube ft square. 

10. Write a, multiplied by c plus rf, plus / minus g. 

11. Write a divided by ft + c. Three ways. 

12. Write a — ft divided by a + ft. 

13. Write a polynomial of three terms; of four terms; of 
five, of six. 

14. Write a homogeneous binomial of the first degree; of 
the second; of the third; 4th; 6th; 6th. 

16. Write a homogeneous trinomial of the first degree; 
with its second and tliii'd terms negative; of the second 
degree; of the 3rd; of the 4th. 

16. Write in the same column, on the slate, or black-board, 
a monomial, a binomial, a trinomial, a polynomial of four 
terms, of five terms, of six terms and of seven terms, and all 
of the same degree. 
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'^ rNTERPRETATION OP ALGEBRAIC LANaUAGE. 

Find the numerial values of the following expressions, 
irhen, 

a = 1, ft = 2, c = 8, c7 =. 4. 

1. aJ + be. Ans, 8. 

2. a + be + d. Ans. 11. 
Z. nd + b — e. Ans. 3 
4. ab + be -^ d. Ans. 4, 
6. {a + b) c^— d. Ans. 23. 

6. (a + b) {d — ft,) Ans. 6. 

7. (aft + ad) c + d. Ans. 22. 

8. (oft H o) (ac? — a). Ans. 15. 

9. 3a2ft2 - 2(a + <? + 1). -4n5. 0. 

10. ^^4"-^ X {a + d) Ans. 10. 

11. z X • Ans. 32. 

1 2 

,„ aft* — c — a3 4a2 - ft 4- <?' . 

12. X Ans. 4. 

Find tlie numerical values of the following expresaons, 
when, 

a = 4, ft = 3, c = 2, and d = 1. 

15. - — - + c — d. Ans. 2. 

16. [(a'ft + l)d] -r (a^ft + d). Ans. 1. 
16. 4faftc - ^) X (30c3 — aft^tP). -4/w. 11088. 
,- a + b + c , aftc^Z . 4a2+ft«-df» 

18. l^m » ^% 3 X a3ft3o3rf3. ^n.. 3465. • 

do' 2 afta -*iC 
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CHAPTER n. 

FUNDAMENTAL OPEBAIIONB. 
ADDITION. 

30. Addition is the operation of finding the sLnplest 
equivalent expression for the aggregate of two or more 
algebraic quantities. Such expression is called their Sum. 



When the terms are similar and have like signs. 



31. 1. What is the sum of a, 2a, 3a, and 4a ? 
Take the sum of the coefficients, and annex the 
literal parts. The first term, a, has a coefficient, 
1, understood (Art. 13). 



2. What is the sum of 2aft, 3aJ, 6aJ, and ab. 
When no sign is writtten, the sign + is under- 
stood (Art 6). 



+ 
+ 
+ 
+ 



a 

2a 
3a 
<a 



+ 10a 

2ab 

Sab 

6ab 

ab 



Add the following : 

(3.) (4.) 

a Sab 

a lab 



12ab 



+ 2a 



I5ab 



(5.) 

^ac 
5ac 

\2ac 



(6.) 

+ 4aft<5 

Zaho 

+ '1abc 



80. Wliat is addition ? 

81. What is the rule for addition when the terms are similar and hart 
likeaignsr 
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(^.) (8.) (9.) (10.) 

— Sctbo — Sad — 2adf — 9abd 

— 2abo — 2ad — 6adf — I5abd 

— 6a^c ~ 5ad — 8a^ — 2iabd 
Hence, when the terms are similar and have like signs : 

RULE. 

Add the coefficients^ and to their sum prejlx th^ common 
sign / to this^ annex the common literal part. 

EXAMPLES. 

(11.) (12.) (13.) 

905+005 8oc2 — 35» 15o5V — 12oftc» 

8o^ + Sax lac^ — 85» 12o5V — 15o5c* 

12a^ -}- 4ax Sac^ — 9^ ' aPd*' — abc^ 

When the terms are similar and have unlike signs, 

32. Tlie signs, -f and — , stand in dii'ect opposition to 
each other. 

K a merchant writes + before his gains and — before his 
losses, at the end of the year the sum of the plus numbers 
will denote the gains, and the sum of the minus numbers 
the los^^es. If the gains exceed the losses, the difference^ 
which is called the algebraic sum^ will be plus ; but if the 
losses exceed the gains, the algebraic sum will be minus. 

1. A merchant in trade gained $1600 in the first quarter 
of the year, $4000 in the second quarter, but lost $3000 in 
the third quarter, and $800 in the fourth : what was the re- 
sult of the year's business ? 

1st quarter, + 1500 ^ 8d quarter, — 3000 

2d " 8 000 4th « — 800 

-f 4500 — 3800 

* + 4600 — 3800 = + "^OO, or $700 gain. 

S2. What is the rule when the terms are similar and hare unlike signs J 
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2. A merchant in trade gained llOOO in the first quarter, 
and $2000 the second quarter ; in the third quarter he lost 
11500, and in the fourth quarter $1800 : what was the result 
of the year's business ? 

1st quarter, + 1000 8d quarter — 1600 

2d " + 2000 4th " ~ 1800 . 

+ 3000 — 3300 

-f- 3000 — 3300 = — 300, or $300 loss. 

S, A merchant in the first half-year gained a dollars and 
lost b dollars ; in the second half-year he lost a dollars and 
gained b dollars : what is the result of the year's business ? 

1st half-year, + a — ft 

2d ' « — a + b 

Result, 

Hence, the algebraic sum of a positive and negative quari' 
tity is their arithmetical difference^ with the sign of the 
greater prefixed. Add the following : 

Soft 4acft* . — 4aWc» 

Soft — 8acft* + ^aW<^ 

— Qab acb'^ — 2aWc^ 

5ab .— Sacb^ 

Hence, when the terms are similar and have unlike signs : 

I. Write the similar terms in the same column : 
n. Add the coefficients of the additive tenns^ and abo 

the coefficients of the subtractive terms : 
HL Take the difference of these sums^ prefix the sign 

of the greater y and then annex the literal part, 

EXAMPLES. 

1. What is the sum of 

2a2ft3 _ 5^2j3 +7a2j3 + oa'^ ^ lla^y? 



M 
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Having written the similar terms in the same 
column, we find the sum of the positive coeffi- 
cients to be 15, and the sum of the negative 
coefficients to be — 16 : their difference is — 1 ; 
hence, the sum is — d^h^. 



- 5a2ft3 
4- 7a2d3 
-f 6a2^ 

- a'V 



2. What is the sum of 
Za^b + 5a^b — Sa^b + ^a^b — 6a«J — a^b? Ana. 2a^b. 

8. What is the sum of 
12a3Jc2-4a3^c2+ Qa^b(?- %a^b<^+ lla^Jc*? Am. lla^be^. 

4. What is the sum of 

ia^b - Sa^b — ^a^b + lla^ft? Am. — 2a^b. 

5. What is the sum of 

labc^ — abc^ — labc^ + Sabc^ + 6abc^? Am. ISabc^. 

6. What is the sum of 

9c&3- 5cP— Bac^+ 20cb^+ 9ac« — 24cb^? Am. + ae . 

To add any Algebraic Quantities. 

33. 1. What is the sum of 3a, 5d, and — 2o? 
Write the quantities, thus, 

8a 4- 5J — 2c; 

which denotes their sum, as there are no similar terms. 

2. Let it be required to find the sum of the quantities, 
2a*' 4ab 
cQa^ — Sab + 6» 
2ab — 55» 
6a2 - 5ab - 4b^ 



M. What 18 the rule for the addkion of aay algebraic quantities? 
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From the preceding examples, we have, for the addition 
of algebraic quantities, the following 

BULE. 

L Write the qtiantities to be addedy placing similar terms 
in the sams column^ and giving to each its proper sign: 

n. Add vp each column separa;t4y and than annex the 
dissimilar terms with their proper signs. 

EXAMPLES. 

1. Add together the polynomials, 
3a2 — 2b^ — 4a5, 5a* — 6» + 2aJ, and So* — 3c* — 28». 



The term 3a^ being similar to 
5a*, we write 8a* for the result 
of the reduction of these two 
terms, at the same time slightly 
crossing them, as in the first term. 



3^2 - A^b - 2^ 
6^* + 2j<J - P 

+ 3^ - 2t^ - 8^ 
8a* + a5 - 66* - 3o* 



Passing then to the term — 4aJ, which is similar to 
4- 2ab and + 3aJ, the three reduce to + aft, which is 
placed after 8a*, and the terms crossed like the first term. 
Passing then to the terms involying ft*, we find their sum 
to be — 5ft*, after which we write — 8c*. 

The marks are drawn across the terms, that none of them 
may be overlooked and omitted. 



(2.) 


(3.)' 


(4.) 


*Jaibc + 9ax 


8005 4 3ft 


12a - 6o 


— 3aftc — 3005 


5aaj — 9ft 


— 8a — 9c 


4aftc + 6aa; 


13005 — 6ft 


9a — 150 



Note. — ^If a = 5, ft = 4, c = 2, sb = 1, what are the 
numerical values of the several sums above found ? 
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(5.) (6.) 


(V.) 


9a -f- / eax — 8a<5 


3a/ -{- g + m 


Qa + g — lax — 9ao 


ag — Saf — m 


2a —/ ax + Hoc 


ah — ag -\- Sg 


(8.) 


(9.) . 


1x + Sab + 8c Sx^ + 


9aca; + ISa^JV 


- 8a; — 3a5 — 5c — 7a* — 


ISoca; + UaWc^ 


6a5 - 9aft - 9c - 4iB2 + 


4acx - 20a^b^c^ 



(10.) (11.) 

22 A — 8c — 7/ + 8^ 19aA2 4- Sc^b* — 8a«5 

— 8A + 8c — 2/ — 9^ + 5a; — 17aA* — 9a^^ + dax^ 

(12.) (18.) 

7a; — 9y + 6a + 8 — ^ 8a + * 

— a; — 8y — 8— ^ 2a— ft+c 

— a;+y — 32 + 1 + 7^ — 3a+J +2rf 

— 2a; + 6y + 8^ — 1 — ^ — 65 - 3c + 3c? 

14. Add together — ft + 3c — rf — 115c 4- 6/ — 5g, Sb 

— 2c — 8<f — c + 27/, 6c — 8c? + 3/ — 7y, — 7ft — 6c 
+ 17c? + 9c - 5/+ 11^, - 3ft - 6c?- 2e + 6/- 9g + h. 

Ans. — 8ft - 109c + 87/ - 10^ + A. 

15. Add together the polynomials 7a*ft — Softc — Sft^c 
li- 9c3 + cc?2, 8aftc — 6a2ft + Sc^ - 4ft2c + cd^, and 4a2ft 

— 8c3 -I- 9ft2c - 3c?3. 

Ans. 6a2ft + 5aftc — Sft^c — 14c3 + 2cc?2 - Sd\ 

16. ATiat is the sum of, Ba^bo + Qbx — 4a/, — Sa^ftc 

— 6ft« + 14a/, — a/+ 9fta; -f- 2a2ftc, + 6a/— 8fta; + 6a«ftc? 

Ans. lOa^ft* + fta + 16a/. 

17. What is the sum of a^n^ 4- 8a3m 4- ft, — 6aW 
• 6a3m — 6, 4- 9ft - 9a^m — 5a^n^ ? 

Ans. — lOa^n* — 12a'w + 9ft. 
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18. What is the sum of ia^b^c — I6a*x — 9ax^dj 
f 6a^^c - 6ax^d + 11 a% + IQaa^^d — a*x - QdWc? 

Ans. aWc + ax^d. 

19. What is the sum of — 7^ + 8J -f 4^ — 2J + 3^ 

— 35 + 25? Ans, 0. 

20. What is the sum of, ah + Zocy — m — n^ — 6a?y 

— 3m + ll/i + cc?, + 3a;y + 4m — lOn -^ fg? 

Ana, ah -{- cd + fg. 

21. What is the sum of 4ajy + ^ + 6aa -f 9am, — 6icy 
+ 6/1 — GoJB — 8am, 2xy — In + ax--- am ? Ans. + ax, 

(22.) ' (23.) (24.) 

2(a + h) 6(a2 - c^) 9(c^ - a/^) 

3(a + h) - 4(a2 - c^) ^(c^ - af^) 

2(a + 5) - ^(a^ - c^) - 10(c> ~ a/Q 

7(a + 5) 6(c3 - a/3) 

Note. The quantity mthin the parenthesis must be 
regarded as a single quantity. 

25. Add 3a(^2 - h^) — 2a{g^ - h^) + 4a{g^ - h^) 
f 8a(^2 _ ^2) _ 2a(^2 _ ^2)^ ■ ^^^^^ lla(^2 - h^). 

26. Add 3c(a2c - h^) - 9c(a2c - P) - 1c{a^c - h^) 
+ 15c{a^c — 52) + e(a2c — h^). Ans. Bc{a^c - h^). 

S4« In algebra, the term a^d does not always, as in 
arithmetic, convey the idea of augmentation ; nor the term 
«wm, the idea of a number numerically greater than any of 
the numbers added. For, if to a we add — 5, we have, 
a — ft, which is, arithmetically speaking, a difference be- 
tween the number of miits expressed by a, and the number 

84. Do the words add and S7im^ in Algebra, convey the same ideas as 
in Arithmetic. "What is the algebraic sum of 9 and — 4 ? Of 8 and 

— 2f May an algebraic sura be negative V What is the sum of 6 and 

— lOf How are such sums distinguished from arithmeticAl sumfif 
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of units expressed by h. Consequently, this result Lk aui 
merically less than a. To distinguish this sum fr?m an 
arithmetical sum, it is called the algebraic sum. 



SUBTEAOnON. 

35. Subtraction is the operation of finding the differ- 
ence between two algebraic quantities. 

36. The quantity to be subtracted is called the Svibtra- 
hend ; and the quantity from which it is taken, is called the 
Minuend, 

The difference of two quantities, is suck a quantity as 
added to the subtrahend will give a sum equal to the min- 
uend. 

EXAMPLES. 

1. From 17a take 6a. 



In this example, IVa is the minuend, and 6a 
the subtrahend: the difference is 11a; because^ 
11a, added to 6a, gives 17a. 



OPKBATIOH. 

17a 

6a 

11a 



Tlie difference may be expressed by writing the quantities 

thus: 

17a — 6a = 11a; 

in which the sign of the subtrahend is changed from + 
to — . 



2. From \hx take — Oaj. 

Tlie difference^ or remainder, is such a quantity, 
as being added to the subtrahend, — 9a!, will 
give the minuend, 15a;. That quantity is 24a;, 
and may be found by simply clmnging the sign 



OPXSATIOV. 

15a! 

— 9a; 

24as 



OPXKATIOir. 

lOax 

+ a- b 

Rem. lOax — a -\- b 
add -{- a — b 

lOax 
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of the subtrahend, and adding. Wlience, we may ^vTite, 
15a; — (• 9a) = 24a;. 

8, From lOoa; take a — b. 

The difference^ or remainder^ is such a quantity, as adde^ 
to a — ^, will give the minuend, lOax: what is that quan 
tity? 

If you change the signs of both 
terms of the subtrahend, and add, 
you have, lOaa; — a + b. Is this 
the true remainder ? Certainly. 
For, if you add the remainder to 
the subtrahend, a — i, you obtain 
the minuend, lOaa;. 

It is plain, that if you change the signs of all the terms 
of the subtrahend, and then add them to the minuend, and 
to this result add the given subtrahend, the last sum can he 
no other than the given minuend ; hence, the Jirst result is 
the true difference, or remainder (Art. 36). 

Hence, for the subtraction of algebraic quantities, we have 
the following 

BULB. 

I. Write the terms of the subtrahend under those of the 
minuend^ placing similar terms in the same column : 

n. Conceive the signs of all the terms of the subtrahend 
to be changed from -\- to —^ or from — ^o -f-, and tlien 
proceed as in Addition* 





EXAMPLES OP MONOMIALS. 






(1.) 


(2.) 


(8.) 


From 


Sab 


eax 


9(fbc 


take 


2ab 


Sax 


lahc 


Rem. 


ab 


SOKS 


2abc 
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From 
takd 
Rem. 



From 
take 
Rem. 



(4.) 

Sax 

So 



(6.) 
lla^Pc 

UaWc 

(8.) 
4abx 
9ac 



(6.) 

(9.) 
2ain 
ax 



Zax — 8<5 ^ahx — 9ac 2am — ax 



s 



10. 
11. 
12. 
13. 
14. 
16. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 



From 
From 
From 
From 
From 
Fi-om 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 
From 



%aW take ZaW. 
16a^y take — 16a^. 
12aV take 8a*y3. 
19a-^aj®y take — 18a^ic®y. 
3a2^3 take SaW, 
la^h^ take ^a^l\ 
Zah'^ take a^^^ 
ar^y take 'kpx. 
ZQi?y^ take jcy. 
Sa^y^x take jcyz. 
9a2^2 take — 3a^b\ 
Ua^y^ take — 20ay. 

— 24a*5« take 16a^d*. 

- 13a;V take - 14ajV- 



Ans. Qa^b\ 

Arts. Sla^ajy. 

.4yw. 4a*y^. 

Ans, Za^b^ — 3aW. 

^/i«. 7a2J* — Qa^b\ 

Ans. Sab^ — a^^*. 

Ans. x^y — yhi. 

Ans, Zx^y^ — xy. 

Ans. Ba^y'^x — xyz. 

Ans. 12a^b\ 

Ans. Zia^y\ 

Ans. — 40a*^. 

Ans. ay^y^. 



— 41a^x^y take — 5a^x^y, 

— Ua^a^ take 3a^i 
a + x^ take — y^. 

a3 + b^ take — a^ — 5^. 



Ans. — 42a3iB2y. 

J.n«. — 97a2aj2. 

-47W. a 4- aj* 4- y^. 

-4^5 2a^ + 2^3^ 



— 16a2a;3y take — Ida^a^y. 
a* — sb2 take a^ + a;2. 



-4^5. + da^sc^y. 
Ans, — 2a5*. 
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GENEBAL EXAMPLES. 



(1.) m (!•) 

From 6ac — 5aJ + C^ §^1 6ac — 5ab + c* 

take Sac + 3a^ + 7c ^ P _ sac — 3a5 — 7c 



Rem. 3ac — 8a6 + c^ — 7c. ' 


^llt 3«^ - Soft + c2 — 7e, 


(2.) 


(3.) 


From 6aaj — a -\- SP 


eyx — 3iB2 + 6ft 


take 9005 — 05+ 5^ 


ya5 — 3 + o 


Kem. — 3005 — a-hx-}- 2b\ 


6ya5 — 305* + 3 -h 6ft — a. 


(40 


(5.) 


From 5o3 — 4o2J+ 352c 


4oft— cd+3a^ 


take -2o3 + 3o2J- Sb^c 


5ab - 4cd + 30^ + 6ft» 


Rem. 7a3- 70^6 + 11^2^. 


— ab + 3cd—5b\ 



6. From a + 8 take c — 6. -4;^. a — c + 13 

7. From Co^ — 16 take Oo^ + 30. Ana. — 30* — 46 

8. From 6ay — So^c^ take — 7cBy — a^c^. 

Ans. ISxy — 7oV 

9. From a + c take — o — c. -4/ia. 2o 4- 2c 

10. From 4(a + ft) take 2(o + ft). Am. 2(o + ft) 

11. From 3(a + x) take (a + x). Ans. 2(o + a;) 

12. From 9(0^ — x^) take — 2(0^ — x^). 

Ans. 11(0* - aj2) 

13. From 6o2 — 15ft2 take — 30^ + 9b\ 

Ans. 9o2 — 24ft2 

14. From 3o'» — 2ft'» take o« — 2ft'». Ans. 2a''. 
16. From dc^rn^ — 4 take 4 — 1c^m\ Ans. KSc^m? - 8. 

16. From 60m + y take 3om — x. Ans. Sam 4- « + y. 

17. From 3oa; take 3oa5 — y. Ans. + y. 
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18. From — If -\- Sm — 8a; take — 6/ — 6m — 2a; + 

dd + 8. A7i$. -- / -h 8m — 6aJ — 3cZ — 8. 

* 

19. From — a — 5b + 1c + d take 4J — c -f 2^ 4- 2^. 

-4n5. — a — 9^ -f- 8c — c? - 2A\ 

20. From — 3a + 6 — 8c + Ye — 5/+ 3A — Ya; — ISy 
take A' 4- 2a — 9c 4- 8e — 7a; -f 7/ — y — 3Z — A;. 

-4w5. — 6a -f ^ + c — e — 12/ + 3A — 12y + 3/. 

21. From 2a; — 4a — 2J + 6 take 8 — 6J + a -f 6a;. 

A91S. — 4a; — 6a -h 36 — 3. 

22. From 3a-f6 + c — df— 10 take c + 2a — (7. 

-4n5. a -h 6 — 10. 

23. From 3a-f5-fc — <?— 10 take 6 — 19 4- 3a. 

Ans. c — c? 4- 9. 

24. From a^ 4- Sb^c 4- a^^ — abc take 6^ 4- 0^2 - abc. 

Ans. a? 4- 36^0 — 6^. 

25 From 12a! 4- 6a — 46 4- 40 take 46 — 3a 4- 4a; 4- 

6c? — 10. Ans. 8a; 4- 9a — 86 — 6df 4- 60. 

26. From 2a; — 3a 4- 46 4- 6c — 60 take 9a 4- a; 4- 66 

— 6c — 40. Ans. X — 12a — 26 4- 12c — 10. 

27. From 6a — 46 — 12c 4- i2a; take 2a; — 8a 4- 46 

— 6c. Ans. 14a — 86 — 6c 4- 10a;. 

38. In Algel)ra, the term difference does not always, as 
in Arithmetic, denote a number less than the minuend. For, 
if from a we subtract — 6, the remainder will be a 4- 6 ; 
and this is numerically greater than a. We distinguish 
between -the two cases by calling this result the algebraic 
difference. 

38. Ill Aljrebia, as in Aiitliinctic, does tlie term difd'encf denote a 
number less tlmu the niiuueiid ? How are tbe results iu the two cases, 
distinguished from each othur ? 



SUBTRACTION. 6S 

59. When a polynomial is to be subtracted from an al- 
gebraic quantity, we inclose it in a parenthesis, place the 
minus sign before it, and then write it after the minuend. 
Thus, the expression, 

6a2 -- (3a5 — 2^2 + 2^), 

indicates that the polynomial, 3a J — 2^^ -f 2Jc, is to be 
taken from 6a^ Performing the operations indicated, by 
the rule for subtraction, we have the equivalent expression : 

6a2 — Sab + 2P — 2bc. 

The last erpression may be changed to the former, by 
changing the signs of the last three terms, inclosing them in 
a parenthesis, and prefixing the sign — . Thus, 

6a' — Sab + W' — 2bc = Ga^ — {Sab - W + 25c), 

In like manner any pol}Tiomial may be transformed, as in- 
dicated below : 
>la^ - 8a25 - 4 J2c + 6 J^ = 1a^ - {^d^b + ^V^c - 653) 

= 7a3 — 8a25 - (45^0 - 653). 

8a3 - 752 + c - <? = 8a3 — (75* - c + cf) 

= 8a3 - 752 - (- c + rf). 

953 — a + 3a2 - <? = 953 - (a — 8a2 + c?) 

= 953 - a — (- 3a2 + <^. 

Note. — ^The sign of every quantity is changed when it ia 
placed within a parenthesis, and also when it is brought out. 

40. From the preceding principles, we have, 

a — (+ 5) = a — 5; and 
a — (— 5) = a + 5. 

89. How 13 the subtraction of a polynomial indicated ? How is this 
indicated operation performed? How may the result be again put under 
the first form ? What is the general rule in regard to the parenthesis ? 

40. Whmt is the sign which immediately precedes a quantity called? 
What is the sign which precedes the parenthesis called ? What is tb« 
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Tlie sign immediately preceding b is called the sign c(f tfts 
quantity ; the sign preceding the parenthesis is called the 
%ig7i of operation / and the sign resulting from the combin- 
ation of the signs, is called the essential siyji. 

When the sign of operation is different from the sign of 
the quantity, the essential sign will be — ; when the sign of 
operation is the same as the sign of the quantity, the essen- 
tial sign will be +. 



MITLTIPLIOATION. 

41. 1. If a man earns a dollars in 1 day, how muct will 
he earn in 6 days? 

Analysts. — In 6 days he wiU earn six times as much as in 
1 day. K he earns a dollars in 1 day, in 6 days he wiU earn 
6a dollars. 

2. If one hat costs d dollars, what will 9 hats cost ? 

Ans, 9d dollars. 

3. If 1 yard of cloth costs c dollars, what will 10 yards 
cost ? Ans, 1 Oc dollars. 

4. If 1 cravat costs b cents, what will 40 cost ? 

Ans. 40b cents. 
6. If 1 pair of gloves costs b cents, what will a pairs 
cost? 

Analysis. — ^If 1 pair of gloves cost b cents, a pairs will 
<-ost as many times b cents as there are units in a : that is, 
^i taken a times, or ab ; which denotes the product of b 
l)y a, or of a by b, 

rosulting sign called? When the sign of opeiation is different from the 
sism of the quantity, what is the essential sign ? When the sign of ope- 
r/.tion is the same as the sipn of the quantity, what is thi> essential sign? 
41. What is Multiplication? What is the quantity to be multiplied 
!!ed? What is that called by which it is multiplied? What is the 
r* suit called? 
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MuLTiPLicATiox IS t/ie Operation of finding the product 
of two quantities, 

Tlie quantity to be multiplied is called the Multiplicand; 
that by which it is multiplied is called the Multiplier ; and 
the result is called the Product, The Multiplier and Multi- 
plicand are called Factors of the Product. 

6. If a man's income is 3a dollars a week, how much wiU 
he receive in 46 weeks ? 

3a X 46 = 12a6. 

If we suppose a = 4 dollars, and 6 = 3 weeks, the pro- 
duct will be 144 dollars. 

Note. — ^Itis proved in Arithmetic (Davies' School, Art. 48. 
University, Art. 50), that the product is not altered by chang- 
ing the arrangement of the factors ; that is, 

12a6 = ax6xl2 = 6xaxl2=axl2x6. 

MULTIPLICATION OF POSITIVB MONOMIALS. 

42. Multiply Za^h^ by la^h. We write, 

ZaW X la^h = 3X2X a^xa^x 62 x6 
= 3x2aaaa66 6; 

in which a is a factor 4 times, and 6 a factor 3 times ; 
hence (Art. 14), 

ZaW X 2a26 = 3 x 2a*63 = 6a*63, 

in which we multiply the coefficient together^ and add the 
exponents of the like letters. 

The product of any two positive monomials may be found 
in like manner ; hence the 

BULB. 

I, Multiply the coefficients together for a new coefficient: 
n. Write after this coefficient all the letters i7i both monO' 

42. What IS tlie rule foi multiplying oue inououiial by auother ? 
8* 
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mials^ giving to each letter an expojient equal to the sum of 
its exponents in the tioo factors. 

EXAMPLES. 

1. ^a^hc^ X labcP = 56aWc^d^. 

2. 21a^b^cd X 8abc^ = IGSa'^b^c^d. 
8 4abc X Id/ = 2Babcd/. 

(4.) (5.) (6.) 

Multiply Sa^b I2a^ Qxyz 

by 2a^b \2x^y ay'^z 



6a*^>a 


144a2ic3y 


^axy^T^ 


a^xy 
2xy^ 


(8.) 
^a'^b^c 


(9.) 
87aaj2y 



2a2icV 2la^b^(^ 2(^\ah^x^y^ 

10 Multiply ^aWx^ by %c^x^. A7is, SOa^^c^afi. 

11. ]\Iulti]>ly 10a^b^<^ by 7ac(7. Ans. lOa^b^c^d. 

12. Multfi)ly 36aWc«<?* by 20ab^c^d\ Ans. l20a^b^c^dK 

13. Multiply 6a"» by 3a^\ ^ws. 15a"» + i*«. 

14. JMultiply 3a'"^>3 by Ga^J". ^/is. ISa'^+^j.+s, 

15. Multiply Ca*"^" by Oa^ft'. -4ws. 54a'» + *ft"+". 

16. Multiply 5a*"S» by 2a^^?. Ans. 10a'»+P6" + «. 

17. Multiply ha'^b'^d^ by 2a^>"c. ^/i5. 10a"»+i5'*+'^c3. 

18. Multiply 6a2^"c" by 3aWc2. ^n5. 18a«5««+2c*+^ 

19. Multiply 20a*Z>^cc? by \2a^x^y. Ans. 240a''b^cdx'^y. 

20. Multi].ly lAa'^b^d^yhy 20a^c^^y. A.2S0a'^b^c^d*x^y^ 

21. Multiply 8a3Z>=y by la^bxyK Ans. 5(ja'^b*xy^. 

22. Multiplj I5axyz hy 5a^bcdx^y\ Ans. Zlba^bcda^y^z. 



MULTIPLICATIC N. 



5y 



"23. Multiply 64a^'mVyz by 8tf6V. A. b\2a'^b^c^m^x^yz, 

24. Multiply daWchP by 12a=^^V. Ans. 108a*6VJi 

25. Multiply 216(2^'c3c?8 by Sa^JV. ^/w. 648a*5Vc?» 

26. Multiply 70aWc*c?2/aj by 12a''^>5c3e^a;V- 

-4w5. 840ai5JiVJyiB3y3. 

MULTIPLICATION OF POLYNOMIALS. 

43. 1. Multiply a — 6 by c. 

It is required to take the difference 
between a and 6, c times ; or, to 
take Cj a — b times. 

As we can not subtract b from c, 
we begin by taking a, c times, wliich 
is ac ; but this product is too large 
by b taken c thues, which is be ; 
hence, the true product is ac — be. 

If a, 6, and c, denote numbers, as a = 8, ft = 3, and 
c = 1y the operation may be written in figures. 

Multiply a — b by c ^ d. 



It is required to take a — ft as 
many times as there are units in 
c — d. 

If we take a — b^ c times, we 
have ac — be; but this product is 
too large by a — ft taken d times. 
But a — ft .taken d times, is ad—db. 
Subtracting this product fi*om the 
preceding, by changing the signs of 
tts terms (Art. 37), and we have, 



a-6 
c 




ac — bo 




8 — 3 = 

7 . . . 


5 

7 


66 — 21 = 


35 



a - 


-ft 




c - 


-d 




ac- 


• be 
-ad+bd 




ac- 


'bc-ad + bd 


8 


— 3 = 


5 


7 


-2 == 


5 


56 


- 21 
-16 + 6 





66 — 37 + 6 = 25. 



(a — ft) X {a — c) z= ab — be — ad + bd. 



<»(» ELKMKNTARY ALGfiBKA. 

Mv lite, we have the following 

RULE FOB THE SIGNS, 

I. When the factors have like signs^ the sign of their 
product will be -f- ; 

n. When the factors have unlike signs j the sign of their 
product will be — ; 

Therefore, we say in Alecehraio language, that + multi- 
plied by +, or — nuiltiplied by — , gives -f ; — multi- 
plied by -f, or 4- multiplied by — , gives — . 

Hence, for the multiplication of polynomials, we have the 
following 

RULE. 

Multiply every term of the multipUcwnd by each term of 
the multiplier^ observing that like signs give +, and unlike 
ngns — / then reditce the result to its simplest form. 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 

1. Multiply .... 3a2 + 4aft 4- b^ 
by 2a + 5b 

The product, after reducing, 4- 1 5a'^b+ 20ab' ^ -f 5 b^ 

becomes .... Ba^ + 23a2^-f- 22ab^ + 5b\ 

44. Note. — ^It will be found convenient to arrange the 
terms of the polynomials with reference to some letter ; that 
is, to write them down, so that the highest power of that 
letter shaU enter the first term ; the next highest, the 
second term, and so on to the last term. 

44. How are the terms of a polynomial arranged with reference to a 
particular letter? What is this letter called ? I" the leading letter in the 
multiplicand and multiplier is the same, which mil be the leading letter 
in the product? 
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The letter with reference to which the arrangement is 
made, is called the leading letter. In the above example the 
leading letter is a. The leading letter of the product will 
always be the same as that of the &ctors. 

2. Multiply 85* -f 2005 + a* by x + a. 

Ana. aj3 -f 3aaj* + Zaha + a'. 

3. Multiply 9? + y^ hj X -{- y. 

Ans. SB* + «y^ + T^y + y*. 

4. Multiply Zab^ + Oa'c^ by SaJ^ + SaV. 
6. Multiply a2*2 + c^rf by a + *. 

6. Multiply 30052 4. 9^53 4. ^^s ][,y 6^2c2, 

7. Multiply 64o3aj3 4- 27o2a5 + 9oft by So^crf. 

J:w5. 512o«c^a;3 + 2\Qa^cdx + 72o*5c<l 

8. Multiply o3 + 30^05 + 3005^ + a;3 by o + a?. 

^W5. o* + 4o3a5 4- eo^ar* + 4oa53 + as*. 

9. Multiply 852 + y2 ][)y a5 + y. 

10. Multiply a;* + xy^ + 7oa5 by oa5 4- Sakb. 

-47W?. 6oa5« 4- 6aa5y 4- 42a2a5» 

11. Multiply a3 4- So^ft 4- 80^2 4. j3 \yj a + h. 

Am. o* 4- 4o3^ 4- 60^*2 ^ 4^53 4. ^4, 

12. Multiply 353 4- a;2y 4- ajy2 4- y3 by as 4- y. 

^?w. a5* 4- 2aj3y 4- 2a;2y2 4- 2xy^ 4- y*. 

13. Multiply 353 4- 2a;2 4- a; 4- 3 by 3a5 4- 1. 

A7\s. 3x4 4- 7x3 4. 5a.2 4- lOa; 4- 3. 



62 KLEMKNTART ALGEBRA. 

GENERAL EXAMPLES. 

I. Multiply 2(xx — 3aft 

by 3a; ~ h, 

Tlie product Baaj^— \ahx 

becomes after — "lahx + %ah'^ 

reducing Boa^— Wahx 4- Zah'^. 

2. Multiply a* — W by a — h. 

Am, a* — 2a53 — a*5 + 25*. 
8. Multiply 052 — 3a; — ^ ][,y a; — 2. 

^/w. a;3 _ 5jp2 _ g. + 14^ 
4. Multiply 3a2 — hah + 2^2 ][)y ^2 _ ^^^5^ 

^n5. 3a* — 26a3^> + 37a262 - 14aR 
6. Multiply 52 + 5* 4- ^>^ by l'^ - 1. -4/w. ft^ - h\ 

6. Multiply a;*— 2Qi^y ■\- ^x^y"^ — ^x\f ^ 16y* by a; + 2y. 

-47W. a;* + 32y^ 

7. Multiply 4a;2 — 2y by 2y. Ans, %x^y — 4y2, 

8. Multiply 2a; + 4y by 2a; — 4y. ^;i5. 4a;2 — ICy*. 

9. Multiply Q^ + Q^y + a^^ + y3 j^y jg _ y^ 

Ana, 35* — 2/*. 
10. Multiply a;2 + a;y + y^ i^y 3.2 __ ^.y _^ y2^ 

-4/w. a;* + a;2y2 -f. y4^ 

II. Multiply 2a2 — 3flra; + 4a;2 by hd? — 6aa; -- 2a;2. 

^;i5. 10a* — 27a3a; + 34a2a;2 — 18aa;3 -- 8a;*. 

12. Multiply 3a;2 — 2ay + 5 by a;^ + 2a;y — 3. 

Ans, 3a;* + 4a;3y — 4a;2 — 4a; V + 16a^ — 15. 

13. Multiply 3a;3 + 2a;y 4. 3^2 j^y 2ic3 _ 33.2^2 ^ 5^3^ 

. ( 6ic6 - 5a;5y2 — 6a;*y* 4- 6a;V ^ 
^** I 15a;V — 9a;2y* + 10a;2y5 + \by^, 

14. Multiply 8aa; — 6 aft — c by 2aa; + aft 4- c. 
-^715. 16a2a;2 — 4a''^fta; — Ca^^a _|_ g^^^ _ ^frftc — c^. 
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16. Multply 8a2 — 5^2 + 3^.2 ]^j ^2 _ ja, 

Ans, 3a* — Sa^b^ + Sa^c^ + 5b^ — 3JV, 

16. 8a2 — 5M + c/ 

— 5a2 + 4^^^ ~ 8c/ 

Pro.red. — ]5a* + d1a^d'-29a^€/-20b^d^+Ubcdf^8cY^ 

17. Multiply a*^ — a^^ by a^**. 

18. Multiply a« + 5» by a"» — 6». Ans. a^ — 52«. 

19. Multiply a« + 6« by a"» + **. 

^/i5. a^m _(. 2a«5« + ft2». 



DIVISION. 

45. Division is the operation of finding from two quan- 
tities a third, which being multiplied by the second, will 
produce the first. 

The first is called the Dividend^ the second the Divisor^ 
and the third, the Quotient. 

Division is the converse of Multiplication. In it, we have 
given the product and one factor, to find the other. The 
rules for Division are just the converse of those for Multi- 
plication. 

To divide one monomial by another. 

46. Divide 72a* by Sa\ The division is indicated, 

thus: 

72a5 

8a3 ' 

The quotient must be such a monomial, as, being m,idtipUed 
by the divisor^ will give the dividend. Hence, the coefficient 

45. V^hat is division ? What is the first quantity called? The second? 
The third ? What is given in division ? What is required ? 

46. What is the rule for the division of monomiala ? 
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of the quotient must be 9, and the literal part a? ; foj these 
quantities multiplied by Sa^ will give 72a*. Hence, 

The coefficient 9 is obtained by dividing 72 by 8; and 
the literal part is found by giving to a, an exponent equal 
to 6 minus 3. 

Hence, for dividing one monomial by another, we have 
the following 

RULE. 

I. Divide the coefficient of the dividend hy the toefficierU 
of the divisor, for a new coefficient : 

n. After this coefficient write aU the letters of the dividend, 
giving to each an exponent equal to the excess of its expo- 
ponent in the dividend over that in the divisor. 

SIGNS IN DIVISION. 

47. Since the Quotient multiplied by the Divisor must 
produce the Dividend : and, since the product of two factors 
having the same sign will be 4- ; and the product of two 
factors having different signs will be — ; we conclude : 

1, When the signs of the dividend and divisor are like, 
the sign of the quotient will be +. 

2. When the signs of the dividend and divisor are unlike, 
the sign of the quotient wiU be — , Again, for brevity, we 
say, 

4- divided by +, and — divided by — , give + ; 
— divided by +, and + divided by — , give — . 
+ aJ — aft 

— ab - + aJ - 

-- — = — ft; = — J. 

+ a — a 

47. What is tho rule for the eigiifi, in divtAion ? 



Dl VI 8ION. 



06 



BXAMPLSS. 



(1.) 



+ 9a^c 



— 2Aa^bc 
+ '^abc 



= + 2a^. 
(3.) 
= - Sa\ 



(2.) 



32a«63aj» 



- 8a'l)hs 



(4.) 

= — 4aa5*. 



6. Divide IBaxt^y^ by — Say. 

6. Divide S^ab^x by 12^2. 

1. Divide — 36a*6V by Oa^^^c. 

8. Divide - 99a^b^x^ by lla'^^^oj*. 

9. Divide lOSa^ij^z^ by 54a^2. 

10. Divide Q^x'y^T^ by — 16aj«y*2«. 

11. Divide — 96a^^>V by \2a^bc. 

12. Divide — SSa^^^c?* by 2aWd. 

13. Divide — 64a*6*c8 by 32a*5c. 

14. Divide 128a*aj^y' by IGflKcy*. 

15. Divide - 256a*5V<?' by IGa^^®. 

16. Divide 20^a^m^n^ by — 50a'm/i. 

17. Divide SOOa^y^g^ ^jy eOa^^g^ 

18. Divide 2la^b^c^ by — 9a5c. 
9. Divide 64aV2® ^7 32ayV. 

20. Divide — SSa^J^^s by lla^S^c*. 

21. Divide 77a*yV by — llaV^*. 

22. Divide QAa^b'^c^d by — 42a*ftVrf. 

23. Divide — mc^Vc^ by 8a^Z>6c«. 

24. Divide ICic^ by — 8a;. 

26. Divide - 88a«62 by UaTb. 



Ans, — hx^y^. 

Ans, labx. 

Ans, — 4ab^c. 

Ans, — 9ab^. 

Ans. 2ajyV. 

-47W. — 49cyz, 

Ans. — 8a*6V. 

Ans. — 19abd\ 

Ans. — 2ab^c'^. 

Ans. 8a*oe^y\ 

Ans. - IQab^c^d^. 

Ans. — iamn. 

Ans. 5x^y^z. 

Ans. — 3a*5c. 

^/w. 2a'^y2. 

Ans. — Sa^^^c*. 

-4n*. — 7. 

-4/15. — 2. 

Ans. — lla5. 

-47W. — 2a;. 

Ans. — 8a*-*'A. 
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26 Divide lla^'b'' by — lla^^^^ A723. — Ya'^-^ft'-^ 

27. Divide SAa^b"" by 4:2a"b^. Ans. 2a8~"^>"»-». 

28. Divide — SSa^J* by 8a"^>"». Ans. — lla^~"5?-'". 

29. Divide 9QabP by 48a«i'. -4/w. 2a^~"6''-«. 

30. Divide 168a;°y* by 12aj"y*». Ans. 14a5«'-"y*-". 
81. Divide 266a5V by 16a'»i'"c^. Ans. IQa^-^b^-^c^-P. 

MONOMIAL FRACnONS. 

4§. It follows from the preceding rules, that the exact 
division of monomials will be impossible : 

1st. When the coefficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. Wlien the exponent of the same letter is gi-eater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

In either case, the quotient will be expressed by a fraction. 
A fraction is said to be in its simplest form-^ when the 
numerator and denominator do not contaiil a common factor. 
For example, 12a^Z>'''cc?, divided by %a^bc^^ gives 

12aW^ 
^cC-bc^ ' 

which may be reduced by dividing the numerator and de- 
nomuiator by the common factors, 4, a^, J, and c, giving 

\'la^b'^cd Za?bd 



Also, 



8a2Z»c2 2c 

15^"^* ~ 3^* 



48. Under what circumstances will the division of monomials be im- 
possible ? How will the quantities then be expressed ? How is a mcuO' 
mial fraction reduced to its simplest form ? 
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Hence, for .he reduction of a monomial fraction to its sim- 
plest form, we have the following 

EULE. , 

Suppress every factor^ whether numerical or literal^ that 
is common to both terms of the fraction j Hie result will he 
the reduced fraction sought, 

EXAMPLES. 

(1.) (2.) 

SGaWc^de "~ Uce' ^ Qa^bc'd^ "" Ga^c? ' 

(3.) '(4.) 

la^b _ 1 , 4a2^>2 ^ 2a 

6. Divide A^aWc^ .by 14a3dc*. Ana. — • 

^ '^ 2a 

6. Divide ^amn by 3a5c. -4n5. -:; — • 

be 

Smn^ 
1, Divide ISa^b^mn^ by I2a^b^cd, Ans, ^-75-^—7 • 

Za ca 

^a^d^^d 

8. Divide 2Sa^b^c'^d^ by IQab^cd^m. Ans. -77^—- 

9. Divide n2a^cW by 12aV&3j^ 'Am. -r^r-T- 

•' a^c^bd 

i^a^bxmn 



10. Divide lOOa^J^amTi by 25a^^d. Ans. 



d 



11. Divide 96a^J8c9^/ by I5a^cxi/. Ans. ^^^^. 

12. Divide %bmhifxhj^ by 15am*n/l ^?i5. ^* 

127 
18. Divide 127^^33.2^2 y^j i^d'x^y^. Ans. .qTy-2 
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49. In dividing monomials, it often happens that the 
exponents of the same letter, in the dividend and divisor, 
are equal ; in which case that letter may not appear in th«s 
quotient. It might, however, be retained by giving to it th • 
exponent 0. 
If we have expressions of the form 

a a^ a^ a* a* . 
a' a^' a3' ^' ^' ^'' 
and apply the rule for the exponents, we shall have, 

- = ai-' = a®, ^ = a2-2 = a^ ^ = a^-^ = aP, &c. 

But since any quantity divided by itself is equal to 1, it fol- 
lows that, 

- = ao = 1, ^ = a2-2 = a« = 1, &c. j 
or, finally, if we designate the exponent by m, we have, 

QfH ^ 

— = a*^-"* =: a® = 1 ; that is, 

TA« power of any quantity is eqtcal to 1 : therefore. 
Any quantity may be retairied in a temiy or introduced 
ifUo a term^ by giving it the exponent 0. 

EXAMPLES. 

1. Divide Ca^^V by 2a^\ 

2a^b^ 

2. Divide Sa^b^c^ by — 4a^b^c. Ans. — 2a^b^c^ = — 2c\ 

3. Divide — ^2m^n^x^y^ by 4mWxy. 

Ans. — SmPn^xy = — S.ry. 

49. When the exponents of the same letter in the dividend and divisor 
are equal, what takes place ? May the letter still be retained ? Wiii 
what exponent? What is the zero power of any quantity equal to? 
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4. Divide — 96a*5*c" by — 24a^b\ Ans. 4a^b^c'' == 4c». 
6. Introduce a, as a factor, into 65^c*. Ans. 6a°5^c*. 

6. Introduce aft, as factors, into 9c^<?». Ans, Qa^^cr'd^, 
1, Introduce aftc, as factors, into S^*/"*. -4. Sa^b^c^d\f^, 

^50. When the exponent of any letter is greater in the 
'^divisor than it is in the dividend, the exponent of that letter 
in the quotient may be wiitten with a negative sign. Thus, 

-- = —; also, — . = a^"* = a-\ by the rule; 

hence, a""^ = '-^' 

Since, a~3 = -3, we have, b x a-^ = -3; 

that is, a in the numerator, with a negative exponent, is 
equal to a in the denominator, with an equal positive ex- 
ponent; hence, 

Any quantity having a negative eosponent^ is eqtial to tJie 
reciprocal of the same quantity with an equal positive ex- 
ponent. 

Hence, also, 

Any factor may be transferred from the denominator to 
the numerator of a fraction^ or the reverse^ by changing thA 
sign of its exponent, 

EXAMPLES. 

1. Divide 32a2ftc by \^a^h^. 

^^^- ^n ^ih . = 2a-3ft-ic = -^• 
\^aW a^b 

50. When the exponent of any letter in the divisor is greater than in 
the dividend, how may the exponent of that letter be written in the quo- 
tient ? What is a quantity with a negative exponent equal to ? How 
may a factor be transferred from the numerator to the denominator of a 
fraction ? 
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2. 'J^f = 6a-*-c. Ans. -%■ 

T ^X^t/^Z OS "~ ^Z 2 

8. Reduce -zt-~-^ • ^?i5. — r-, or —5 

Slay 3 » 3a.a 

4. In 5ay"3a;'"*, get rid of the negative exponents. 

^^^' -7-5 • 
4^2533.-2 

6. In r— ^ gT^ , get rid of the negative exponents. 

4a'b^ 
^' ^ -3 ,5 -2 ' ^^* ^^ ^^ *'^® negative exponents. 

^ „ - — 8a-3«>«c . — 4a--'^^i0c0 — 45»» 

7. Reduce ^. ^,,. — ^/w. ^; , or —fz-r- • 

9 

8. Reduce I2a^b^ -r- 8aW. -4n5. Qa^^ft^S' or -7. 

15^ — 4J6^ — 1 

9. In ^2h-i * ^®* ^^ ^^ *^® negative exponents. 

10. Reduce ^ ^ , - ^/i5. SaJ^^. 

To divide a polynomial by a monomial, ^^ 

51. To divide a polynomial by a monomial : 

Divide each term of the dividend^ separately^ by the 

divisor / the algebraic sum of the quotients iciU be the quo- 

tient sought. 

EXAMPLES. 

1. Divide Sd^b^ - a by a. Ans. Sab^ — !• 

6\. How do you divide a polynomial by a monomial ? 
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2. Divide 5aW — 25a^^2 j^y 5^3^?^ j^^g^ 1 __ 5^^^ 

3. Divide SSa^^^ _ 25a^ by — 5ab. A?is, — 7a^ 4- 5. 

4. Divide lOaft ^ I5ac by 6a. -4w5. 26 — 3c. 
6. Divide 6aft — Sax + 4a^ by 2a. 

-4w*. 86 — 4a; + 2ay. 
6. Divide — I5ax^ + 6a^ hj — Sx, Ans. bax — 2x^. 
1. Divide — 2lxy^ + Zba^h^y — Yc^y by — 1y, 

Ans, 3ajy — ba^b^ + c\ 
8. Divide ^Oa^¥ + 8a^6' — 32a*6*c* by 8a*6*. 

Ans. 5a* + J3 — 4c*. 

DIVISION OP POLYNOMIALS. 

52. 1. Divide — 2a + 6a* — 8 by 2 + 2a. 

Dividend, Divisor, 
Ca* — 2a — 8 [ 2a + 2 
6a* 4- 6a 3a — 4 Quotient. 

— 8a — 8 

— 8a — 8 

JRemainder. 

We first arrange the dividend and divisor with reference 
to a (Art. 44), placing the divisor on the left of the dividend. 
Divide the first term of the dividend by the first term of 
the divisor ; the result will be the first term of the quotient, 
which, for convenience, we place under the divisor. The 
product of the di\Tsor by this term (Ga* + 6a), l>eing sub- 
tracted from the dividend, leaves a new dividend, which may 
be treated in the same way as the original one, and so on to 
the end of the operation. 

62. What is the rule for dividing one . polynomial by another f When 
if the diyision exact ? When is it not exact ? 
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Since all similar cases may be treated in the same way, w€ 
have, for the division of polynomials, the following 

SULB. 

L Arrange the dividend and divisor with reference to the 
same letter: 

IL Divide the first term of the dividend hy the first term 
of the divisor^ for the first term of the quotient, MuUij^ly 
t/ie divisor by this term of the quotient^ and subtract the 
product from the dividend: 

HE. Divide the first term of the remainder by the first 
term of the divisor^ for the second term of the quotient. 
MvUiply the divisor by this term^ and subtract the product 
from the first remainder^ and so on : 

IV. Continue the operation^ until a remainder is found 
equal to 0, or one whose first term is not divisible by tJiat 
of the divisor. 

Note. — 1. When a remainder is found equal to 0, the 
division is exact. 

2. When a remainder is found whose first term is not 
divisible by the first term of the divisor, the exact division 
is impossible. In that case, write the last remainder after 
the quotient found, placing the divisor under it, in the form 
of a fraction. 

SECOND BXAMPLB. 

Let it be required to divide 

51a^^+ 10a* - 48a3ft - 15b* + 4a*3 by 4aJ - 6a« + 3J». 

Wo first arrange the dividend and divisor with referenoe 
to a. 
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rs 



Dividend. 
410a'^— Sa^h— QaW 



— 40a3ft + 67a2^>2+ 4a53-15J* 

— 40a3^ + 32a2^2^24a53 

25a2^2_20a^3-.165* 
25a252— 20a53-15d* 



DivUjr. 



2a2+ 8a5 - 6^ 



(3.) 

flB* + iB3y + sc^y + ay^ — 2y I a; + y 

+ x^y + ajy* 
+ a;2y + xy^ 



« + y 



- 2y 

Here the division is not exact, and the quotient is frao- 
tionaL 

(4.) . 



1 + a 


1 -a 


1 - a 


1 + 2a + 2a2 


+ 2a 
+ 2a 


- 2a' 


+ 2a» 

+ 2a2 - 2a3 



+ 2a3 

In this example the operation does not terminate. It may 
be continued to any extent. 

EXAMPLES. 

1. Divide a» -f 2aa8 + jc* by a + 05. Ans. a + as. 

2. Divide a^ — Za^y + Say^ — y^ by a - y. 

An3. a* — 2ay + y». 

4 
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8. Dhide 24a^b — Ua^cb^ — Gab by — Gab. 

Am. — 4a + la^cb + 1. 
4. Divide 6ic* — 96 by Zx — 6. 

Ans. 2aj3 + ^^ + 8a; + 16. 

6. Divide a* -- 6a*a; + lOa^a^ — lOa^a;^ + 5aa;* — cb« 

by a^ — 2aaj + »^ ^/i«. a^ — Za^x -}- 3aaj2 — ^. 

6. Divide 4835^ — ^Gax^ — 64a2aj + lOSa^ by 2a; — 3a. 

-4;w. 24a;2 — 2aa; — i^a\ 

*t Divide y« — 3y*a;2 + Zy'^o^ — ofi by y^ — Zy'^x + 

SyaJ* — a;3. Ans. y^ + Sy^ + 3ya;2 + a^. 

' 8. Divide 64a*b^ — 25a2^8 by Sa^b^ + 5a^*. 

^725. 8a253 — 5abK 

9. Di\'ide Ga^+ 2Sa^b + 22ab^+5b^ by da^+4ab-{-b\ 

Ans, 2a + 5^. 

10. Divide 6aa;® + Gax^y^ + 42d}x^ by aa; + 5aa;. 

Ans, 0^ -f- a;?/^ + ^ax» 

11. Divide — 15a* + Zla^bd — 29aV- "^^^''cC' + 44^»cc?/' 
— 8cy^ by 3a2 - 55f^ + qf. Ans. - Sa^ + 4bd - 8c/. 

1 2. Divide a;* + a;^^/'^ + y* ^7 a;^ — wry + y^. 

13. Divide a;* — y* by a; — y. 

^m. a;3 + a;^y + xy"^ + y^. 

14. Divide 3a*— BaW+ 3aV+ 5^*— S^^^c-z by a»— ^2. 

^^5. 3a2 - 6^2 ^ 3^2, 

' 15. Divide 6a;« - 5a*;y2 - 6ajV+ 6a;3y2-|. 15a;y~ 9^V 
+ 10a;2y» _|. 15^5 j^y 3^53 ^ ^x^yi ^ 3^2, 

-4/25. 2a;3 - 3aj2y2 + 5y3. 

16. Divide — ^24- lOa^a;^— nabc — A:a^bx — 6^252 ^. (j^^^, 
oy 8aa; — 6a^ — c. Ans. 2ax 4- a6 + c. 

17. Divide 3a;* + 4a;3y — 4a52 — 4x'^y^ + IGxy — 15 by 
Sajy + a;' — 3. Ans. t^x^ — 2iry -r 5. 
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18. Divide aj* + 3Zy^ by jb + 2y. 

Afis, ar* — 2aj^y -f 4aj2i/2 — 8x^^ + 16y*. 

19. Divide 3a* — 26a3^ — liaP + 37a2^>2 by 2^>2 «. 5^^ 

20. Divide a* - 5* by. a^ + a^b + ab'^ + b\ 

Ans. a ^ h. 

21. Divide a^ _ 3^.2^ + ^^3 ^y aj + y. 



-4ws. 05^ — 4ay + 4y2 _ 



3y3 



35 + y 
22. Divide 1 + 2a by 1 — a — a^ 

uiTw. 1 + 8a + 4a« + ?a^ + ^ Ac 
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CHAPTER m. 

trSKPUl FORMULAS. FACTORING. GREATEST COMMON DIVISOR. 
LEAST COMMON MULTIPLE. 

USEFUL FORMULAS. 
• 

53. A FoR^ruLA is an algebraic expression of a general 

rule, or principle. 

Formulas serve to shorten algebraic operations, and are 
also of much use in the operation of factoring. When trans- 
lated into common language, they give rise to practical rules. 

The verification of the following fonnulas affords addi- 
tional exercises in Multiplication and Division. 

(1.) 

54. To form the square of a + J, we have, 

(a + by = (a + J) (a + 6) = a' + 2ab + b\ 

That is, 

TJie square of the sum of any two quantities is equal to 
the square of the firsts plus twice the product of the first by 
the second^ plus the square of the second. 

1. Find the square of 2a + 3^. "We have from the rule, 
(2a + 3ft)2 = 4a2 + I2a6 + ^b\ 

58. What is a formula ? What are the uses of formulas ? 

54. What is the square of the sum of two quantities equal to ? 
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2. Find the square of 5ab -\- Sac. 

Ans. 25d^b^ + SOa^bc + 9«^c2. 

3. Find the square of 5a^ -f Sa^b, 

Ans. 25a'* + SOa^b -f eia*b\ 

4. Find the square of Qax + dahi^. 

Ans. 36(j2a;2 + lOSa^a;' + 81aV. 

(2.) 

55. To form the square of a difference, a — ft, we have, 

(a - 6)2 = (a - 6) (a - ft) = a^ - 2ab + ft^. 
That is, 

The square of the difference of any two quantities is 
equal to the square of the firsts minus twice the product of 
the first by the second^ plus the square of the second. 

1. Find the square of 2a — ft. We have, 

(2a - ft)2 = 4a2 - 4aft + ft^ 

2. Find the square of 4ac — 6c 

Ans. 16aV — Saftc^ + 6V. 
8. Find the square of ^a^ft^ — 12^6^. 

Ans. 49a*6* - IBSa^ft* + \A:^a%^. 

■ (3.) 

56. Multiply a + 6 by a — 6. We have, 

(a + 6) X (a - 6) = a2 — 6^. Hence, 

The sum of two quantities^ multiplied by their difference^ 
is eqvxjd to the difference of their squares. 

1. Multiply 2c 4- 6 by 2c — 6. Ans. 4:C^ — b\ 

2. Multiply 9ac + 3ftc by 9ac — 3ftc. 

Ans. 81aV - ^¥c\ 

66. What is the square of the difference of two quantities equal to? 
66. What is the sun of two quantities multiplied by the'.r difference 
equal to V 
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3. Multiply 8a3 -h lah^ by Sa^ - >ia}P: 

Am. 64a® — A^a^h 

(4.) 
57. Miiltiply dj^ -\- ah •\- h^ \>Y a — h, We have, 
(a2 + «^ + *') (a - 5) = a3 - J^. 

(5.) 
5§. Multiply a^ — a^ 4- ^^ by a 4- ^. We have, 
(a2 - aft + ft2) (a ^. ^) ^ a3 4- J^ 

(6.) 

59. Multiply together, a + ^» a — ft, and a^ + ft». 
We have, 

(a + ft) (a - ft) (a2 -f ft^) = a^ - ft*. 

60. Siuce every product is divisible by any of its factors, 
each formula establislies the prmciple set opposite its number. 

1. The sum of the sqtfares of any two quantUies^ plus 
twice their product^ is dioi^ble by their sura. 

2. The sum of tfte squares of any two quantities^ mimis 
twice their product^ is divisible by the difference of the 
quantities. 

3. Tlie difference of the squares of any two quaiitities 
is divisible by ths sum of the quantities^ and also by their 
difference. 

4. The difference of tJie cubes of any two quantities is 
divisible by the difference of the q'uantities ; also^ by the 
sum of their squai^es^ plus their product. 

5. The suin of the Cffbfs of any tico qticoitities is divisi- 

60. By w^at is any product divisihle V By {ipplyin": this principle, '.vliat 
follows from Fornnila ( 1 ) ? W hat from ( 2) ? What from (3J ? What from 
(4)» What from (5) ? Wl, Kt fr; m (6) ? 
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ble hy the sicm of the quantities ; also^ by the sum of their 
squares minus their 2yi*oduct. 

6. The difference between the fourth powers of any two 
quantities is divisible by the sum of the quantities^ by their 
difference^ hy the smn of their squares^ and by the dif- 
fer ence of their squares. 



FACTORING. 

61« Factoring is the operation of resolving a quantity 
into factors. The principles employed are the converse of 
those of Multiplication. The operations of factoring are 
perfonned by mspcction. 

1. Wljat are the factors of the pol}Tioraial 

ac -\' ab -\- ad. 

We see, by inspection, tliat a is a common factor of all 
the terms ; hence, it may be plaj^ed without a parenthesis, 
and the otner parts withhi ; thus : 

ac -\- ah -{■ ad = «(c -\- b -^ d), 

2. Find the factors of the polynomial a^b'^ -f a^d — a\f. 

A?is. a\b^ + d - f). 

3. Fmd tne factors of the polynomial Sa'^b — 6d^b^ + bhl 

Ans. b{3d^ — ea^b + bd). 

4. Fmd the factors of Sa'^b — 9a^c — 18aVy. 

Ans, Sa^{b — 3c — 6.ry). 
6. Find the factors of Sa^ex — ISacx^ + 2ac^y — SOa^c^ 
Ans, 2ac{4ax — 9x^ + c^y —• 15a*c^). 
6. Factor SOa^b^c - eaWd^ + lSa'^b'^c\ 

Ans, 6a^^{5ac - d^ -{- 3c^). 
1. Factor 12c^bd^ — 15c^d* — 6cV73/. 

A71S. Sc'^d^4c^b — 5cd — 2/). 

61. What 18 factoring? 
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8. Factor Iba^bcf ^ lOo^c* — 2babccl 

Ans. 5abe(SaY — 2c^ - 6d). 

69. When two terms of a trinomial are squares, and 
positive, and the third term is equal to twice the product of 
their square roots, the trinomial may be resolved into factoids 
by Formula ( 1 ). 

1. Factor a^ + 2db + h^ Ans. (a + ft) (a + h). 

2. Factor ^a^ + \2db + ^h\ 

Ans. (2a + Zh) (2a + 36). 

8. Factor Qa* + 12a& + ^h\ 

Ans. (3a + 2b) (3a + 2b). 

4. Factor 4a;2 + 8a; + 4. Ans. {2x + 2) {2x + 2). 

6. Factor Oa^ft^ + i2ahc + ic^. 

Ans. (3aft + 2c) (Soft + 2c). 
6. Factor 16a;V + 1 Gary 3 + 4y4. 

A71S. (4a;y + 2y2) (4ary + 2y^). 

63. When two terms of a trinomial are squares, and 
positive, and the third term is equal to 7mnus twice their 
square roots, the trinomial may be factored by Formula 
•2). 

1. Factor a' — 2ab + b\ A7is. {a — ft) (a — ft). 

2. Factor 4a^ — 4orft + b\ Ans. (2a — ft) (2a — ft). 

3. Factor 9a^ — Qac + c\ Ans. (3a — c) (3a — c). 

4. Factor a^a;^ — 4ax + 4. Ans. {ax — 2) (aa5 — 2). 
6. Factor 4a;2 — 4a^ + y\ Ans. {2x — y) {2x - y). 

62. When may a trinomial be factored ? 

68. When may a trinomial be factored by this method? 
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6. Factor 3(jx^ — 2^xy -f- AyK 

Ans. (6a — 2y) (6a; — 2y)^ 

64. When the twd terms of a binomial are squares and 
have coutrai-y signs, the binomial may be factored by 
Formula { 3 ). 

1. Factor 4c2 — hi A7is. (2c + b) (2c — h) 

2. Factor 81aV - Wc\ 

Ans, (9«c + 35c) (9ac — 35c). 

3. Factor Ua^b^ — 25ajV. 

A)is. {Sa^b^ + bxy) {^aW - bxy). 

4. Factor 25aV — 9aj*i/2^ i 

,-4w5. (6ac -h 3a;22/) (5c»e — Zx^y), 

5. Factor 36a*5V _ g^-e^ 

^n5. (6^252^ + 3aj3) {(Sa^b'^c — 3x"^). 

6. Factor 49a* - 36y*. ^W5. (7a;2 4- 6y2) (Ya;^ — 6?/2). 

65. When the two terms of a binomial are cubes, and 
have contrary signs, the binomial may be factored by 
Formula ( 4 ). 

1. Factor Sa^ — c^. Ans, (2a — c) (4a2 + 2ac -f c^). 

2. Factor 27a3 — 64. 

A71S. (3a — 4) (9a2 + 12a + 16). 

3. Factor a^ — 645^. 

Ans. (a - 45) (a^ + 4a5 + 1652). 

4. Factor a^ — 2753. Ans. (a — 35) (a^ + 3a5 + 95^), 

64. When may a binomial be factored ? 

66. When may a binomial be fictorcd by th s method? 

4* 
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66. When tlie terms of a binomial are cubes and have 
like signs, the binomial may be factored by Formula ( 5 ). 

1. Factor 8a^ + c^. Am. (2a + c) (ia^ — 2ac + c*). 

2. Factor 21 a^ + 64. 

Ans. (3a + 4) (Oa^ — 12a + 16). 

8. Factor a^ + 6463. 

Ans. (a + 46) (a^ - 4a6 + 1662). 

4. Factor a^ + 276^. Ans. (a + 85) (a' — 3a6 + 9J^). 

67« Wlien the terms of a binomial are 4th powers, and 
have contrary signs, the binomial may be factored by 
Fonnula (6). 

1. What are the factors of a* — 6*? 

Ans, (a +• 6) (a — 6) (a^ + 62). 

2. What are the factors of 81a* - 166* ? 

Ans. (3a 4- 26) (3a — 26) (Oa^ -h 462). 

3. What are the factors of 16a*6* — 81 c*^*? 

A7is. {2ab + 3cd) (2ab - Zed) (AaW + ^(^d^). 



GREATEST COjVCVION DIVISOR. 

68. A Common Divisor of two quantities, is a quantity 
that will divide them both without a remainder. Thus, 
3a26, is a common divisor of ^a^lp-c and 3a^62 — 6a^6^. 

66 When may a binomial be factored by this method? 

67. When may a binomial be factored by this method? 

68. What is the common divisor of two quantities ? 
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w 

69. A Simple or Pkime Factor is one that cannot be 
lesolved into any other fuctors. 

Every prime iiictor, common to two quantities, is a com- 
* mon divisor of those quantities. The continued product of 
any number of prime factors, common to two quantities, is 
also a common divisor of those quantities. 

TO. The GiiEATEST Common Divisor of two quantities, 
is the continued product of all the prime factors which are 
common to both. 

Yl. When both quantities can be resolved into prime 
factors, by the method of factoring already giv^n, the great- 
est common divisor may be found by the following 

RULE. 

L Resolve both quantities into their prime fo/ctors : 
n. Find the continued product of all the factors which 
are common to both / it wiU be t/ie greatest common divi- 
sor required. 

BXAMFLBS. 

1. Kequired the greatest common divisor of YSa^JZc and 
25abd. Factoring, we have, 

75a'^b'^G = 3 X 5 X 5aabbc 
25abd = 5 X 5abd. 

The factors, 5, 5, a and J, are common ; hence, 

5x5xaxb=z 25a6, 

IS the divisor sought. 

69. What is a simple or prime factor ? Is a prime factor, common to 
two quantities, a common divisor ? 

70. What is the greatest common divisor ? 

71. If both quantities can be resolved into prime factors, how do you 
find the greatest common divisor ? 
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VERIFICATION. 

Iba^hH -r- 25a5 = Zabc 
25abd -r- 25ab = d; 

and since the quotients have no common fiictor, they cannot 
I >e ftirther divided. 

y2. Required the greatest common divisor of a^ — 2ab + 
6^ and a^ — b\ Am, a - h, 

3. Required the greatest common divisor of a^ + 2ah + 
6* and a + ^. « ^^w. a + ft. 

4. Required the greatest common divisor of a^oj^ — 4aaj 
+- 4 and oaj — 2. Ans. ax — % 

6. Find the greatest common divisor of Zd?'h — 9a^o 
-• 18a^ and 5^^ — 3ftc"^ — 6ftcxy. ^ns. ft — 3c — 6ajy. 

6. Find the greatest common divisor of 4a2c — 4aci8 and 
3a2^ — Zagx. Aixs, a(a — a), or a^ -^ ax, 

7. Find the greatest common divisor of 4c^ — 12cx + 905* 
and 4c2 — dos^. Arts. 2c — 3aj. 

8. Find the greatest common divisor of x^ — y^ and 
ar^ — y^ A^is. x — y, 

9. Find the greatest common divisor of 4g^ + 4ftc + ft^ 
and 4c2 — ft2. ^Wv^. 2c + b. 

10. Find the greatest conmion divisor of 25a'^c^ — 9a^y* 
and r>ac<?2 ^ 3d^'^y\ A7is. 5ac + 3icV. 

Note. — ^To find the greatest common divisor of three 
quantities. First find the greatest common divisor of two 
of them, and then the greatest common divisor between this 
result and the third. 

1. What is the greatest common divisor of 4ax^y, lQabx\ 
and 24acaj2 ? Arts. 4aaj*. 

2. Of 3a;2— Qx^ 2x^— 4x^^ and x^f/— 2xy? Ans. x^— 2x, 

Va. When is one quantity a multiple of another? 
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LEAST COMMON MULTIPLE. 

7*2. One quantity is a multiple of another, when it can 
be divided by that other without a remainder. Thus, Sa^^, 
is a multiple of 8, also of a^^ and of b, * 

73. A quantity is a Common Multiple of two or more 
quantities, when it can be divided by each, separately, \\ath. 
out a remainder. Thus, 24:a^x\ is a common multiple of 
Qax and ^a^x, 

"74. The Lbast Common Multiple of two or more quan- 
tities, is the simplest quantity that can be divided by each, 
witliout a remainder. Thus, \2a^b'^x'^^ is the least common 
multiple of 2a?x^ iab'^^ and Qa^b^x^, 

■75. Since the common multiple is a dividend of each of 
the quantities, and since the division is exact, the common 
multiple must contain every prime factor in all the quanti- 
ties ; and if the same factor enters more than once, it must 
enter an equal number of times into the common multiple. 

When the given quantities can be factored, by any of the 
methods already given, the least common multiple may bo 
found by the following 

SULB. 

L Resolve each of the quantities into its prime factors . 
n. Take each factor as mam/ times as it enters any one 
of the quantities, and form the continued product of these 
factors ; it will be the least coni7non m/ultiple, 

73. Wlicn is a quantity a con«non multiple of several others? 
'74. What is the least common multiple of two or more quantities? 
75 What does the common multiple of two or more quantities contain, 
as factors? How may the least common multiple be found? 

• The multiple ol a qnantity, la simplj * dividend which will give an exact quotient 



S6 U L K >I E N r A k Y A L (I K IJ K A . 

EXAMPLES. 

1. Find the least common multiple of 12a^b'^c^ and Ba^b^. 

Sa^d^ =3 2.2.2,aabbb. 

Now, since 2 enters 3 times as a factor, it must enter 3 
times in the common multiple: 3 must enter once; a, 3 
times ; ft, 3 times ; and c, twice ; hence, 

2.2.2.Saaabbbcc = 24a^b^c^y 

is the least common multiple. 

Find the least common multiples of the following : 

2. 6a, 5a% and 2oabc\ Ans. I50a^bc\ 

3. Sa^j 9abc, and 2la^x\ Ans. 2la^bcx\ 

4. Aa'^x^]/^ Sa^xy, lGa*y\ and 24a^i/^x. Ans. ^Sa^sc^i/^. 

6. ax — bx^ <^y — ^Vy ^"^ x^y^. 

Ans. (a — b)x.x.yy = oai^yz _ Ja;2y2^ ^ 
6. « + ^), a^ — 52, and a^ + 2aZ> + b'^. 

Ans. {a + by (a - b), 
1, Sa^b\ 9a^x\ ISa^y^, ^ay^. A7is. ld>a''b'^x^y\ 

8. 8a2{a— ft), 15a5(a — ft)2, and \2a\a^ — ft^), 

-4m. 120a^(a — b)'^ {a + b). 
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CHAPTER IV. 

FEACTIONS. 

76. If the unit 1 be divided into any number of equal 

parts, each part is called a fractional unit. Thus, - , j, 

11 ^ * 

;- , 7 , are fractional units. 

77. A Fraction is a fractional unit, or a collection of 
fractional units. Thus, - , - , - , -7 , are fractions. 

7§. Every fraction is composed of two parts, the Do- 
nominator and Numerator. The Denominator shows into 
how many equal parts the unit 1 is divided ; and the Nu- 
merator how many of these parts are taken. Thus, in the 

fraction - , the denominator b. shows that 1 is divided into 
b 

b equal parts, and the numerator a, shows that a of these 
parts are taken. The fractional unit, in all cases, is equal to 
the reciprocal J of the denominator. 

76. If 1 be divided into any number of equal parts, what is each part 
called ? 
17. What is a fraction ? - 

78. Of how many parts is any 5'action composed? Wliat are they 
called? What does the denominator show? What the numerator? 
What is the fractional unit equal to ? 
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79. An Entire Quantity is one which contains iic 
fractional part. Thus, 7, 11, a^a, 435^ — 3y, are entii-e 
quantities. 

An entire quantity may be regarded as a fraction whose 

denominator is 1. Thus, 7 = -, aft = -— • 

80. A Mixed Quantity is a quantity containing both 

entire and fractional jDarts. Thus, 7^^ , 8^ , a H , are 

c 

mixed quantities. 

81. Let T denote any fi-action, and q any quantity 

/Tf 

whatever. From the preceding definitions, 7 denotes that 

T is taken a times; also, ~ denotes that t is taken 
o 00 

aq times ; that is, 

aq a , 

y = J X S'; hence, 

Multiplying the numerator of a fraction by any quan- 
tity^ is equivalent to multiplying the fraction by that 
quantity. 

We see, also, that any quantity may be multiplied by a 
fraction^ by multiplying it by the numerator^ and then 
dividing the result by the denominator, 

82. It is a principle of Division, that the same result will 
be obtained if we diAdde the quantity a by the product 
of two factors, J9 x g', as would be obtained by dividing it 

79. What is an entire quantity ? When may it be regarded as a frao 
tion ? 

80. Wliat is a mixed quantity ? 

81.- How may a fraction be multiplied by any quantity ? 
82 How may a fraction be divided by any quantity ? 
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first by one of the factors, /?, and then dividing that result 
by the other factor, q. That is, 

a (a\ a (a\ , 

— = \- ] -^ Q\ or, — = I - I -2- »; hence, 
pq \pf ^' ^ pq \q! ^^ ' 

Multiplying the denomincUor of a frcbction by any gymif 
tity^ is equivalent to dividing the fraction by that quantity. 

§3. Since the operations of Multiplication and Division 
are the converse of each other, it follows, from the preced 
hig pidnciples, that. 

Dividing the numerator of a fracti(fn by any quantity^ 
is equivalent to dividing the fraction by that quantity ; 
and, 

Dividing the denominator of a fraction by any quantity^ 
is equivalent to multiplying the fraction by tJmt quantity. 

84, Since a quantity may be multiplied, and the result 
divided by the same quantity, without altering the value, 
it follows that, 

Both terms of a fraction may be midtiplied by any quan- 
tity^ or both divided by any quaiitity^ without changing the 
value of the fraction. 



TRANSFORMATION OF FRACTIONS. 

§5. The transformation of a quantity, is the operation 
of changing its form, without altering its value. The term 
reduce has a technical signification, and means, to Trans- 
form, 

83. What follows from the preceding principles ? 

84. What operations may be performed without altering the value of 
E fraction? 

86. What is fthe transformation of. a quantity? 
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FIRST TRANSFORMATION. 

To reduce an e^itire quantity to a fractional form having a 
given denominator. 

§6* Let a be the quantity, and h the given denomi- 
nator. We have, evidently, a = — ; hence, the 

RULE. 

3IuUiply the quantity by the given denominator^ and 
vyrite the product over this given denominator, 

SECOND TRiVNSFORMATION. 

To reduce a fraction to its lowest terms, 

87, A fraction is in its lowest terms, when the numerator 
and denomhiator contain no common factors. 

It lias been sho^\Ti, that both terms of a fraction may be 
divided by the same quantity, without altering its value. 
Hence,- if they have any common factors, we may strike 
them out. 

RULE. 

Jxesolve each term, of the fraction into its prime fac- 
tors / then strike out all that are common to both. 

The samo result is attained by dividing both terms of the 
fraction by any quantity that will divide them, without a 
remainder ; or, by dividing them by theii* greatest coimnon 
di^isor. 



86, Eow^ do you reduce an entire quantity to a fractional form haviug 
t given denominator ? 

87. How do you reduce a fraction to its lowest terms? 
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EXAMPLES. 

1. Reduce -z — -, to its lowest terms. 
2oaca 

^^<^<>^^^ 25^ = TJa^' 

Canceling the common factors, 6, a, and c, we have, 
15aV Zac 



25acd bd 



Ana, 



2. Reduce t^j-t-o-tT- Ana. --• 

3. Reduce ^^^~ Ana. ^,. 

4. Reduce -^ • -4w«. - = a. 

b — 1 

6. Reduce ; • A?ia. — -— -• 

7^2 — 1 n + 1 

6. Reduce -= ■ — r* Ana. 



x^ — 2ax + a^ ' x — a 

1. Reduce — T-cTTrr ' ^^* — - = — 8. 

— 12a^b^c 1 

24^» - SQab^ . 4J - 6a 

8. Reduce - ^ ,^, ;.«-t7^' -4^5. 



48a*^>* — 66a55« ' 8a* - lla^^^'-* 

9. Reduce -r -,,,» * Ana. -• 

d? — 2ab 4- 0^ a — 6 

, -o :, 5a3 — lOa^ft + 5a^>2 6(a - ^>) 

10. Reduce — -^ --^^j • Ana. -^-— — ^• 

8a3 — 8a^6 8a 

„ ^ 3a2 + Ga2J2 . 1 + 2^2 

11. Reduce --— r^-^' -^^i^' 



12a* + ^a^^ ' 4a2 + 2ac3 

12. Reduce — -ttt vn -^^^- ;r/ :' 

3(a2 — x^) 3(a — x) 
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THIRD TRA2JSPORMATION. 

To reduce a fraction to a mixed quantity. 

88. When any term of the numerator is divisible by any 
term of the denominator, the transformation can be effected 
by Division, 

BULE. 

Perform the indicated division^ continuing the operation 
as far as possible ; then torite the remainder over the deno- 
minator^ and annex the resuU to the quotient found. 



EXAMPLES. 





X 




ax 


— 


352 




X 




ah 


— 


2a» 




b 




a2 


— 


x^ 



1. Reduce • Ans. a • 

X 

2. Reduce : — • Ans, a — x, 

"3. Reduce z • Ans, a ^ j- • 

b 

4. Reduce — • A7is. a + x. 

a ^ X 

o»3 <^*3 

6. Reduce ~* Ans, x^ + xy + y\ 

X- y 

6. Reduce ~ • Ans, 205 — 1 + —• 

hx hx 

*l. Reduce . . 4aj^ — 8 H 

9o5 9 

8. Reduce ^ — ---^4: . . rr :^* 

^adf d a Sf 

9. Reduce — • Ans, 05—1 



05-1-2 05 4- 2 

88. How do you reduce a fractior to a mixed quartitj ? 
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^2 _L. ja 2J^ 

10. Reduce ■— r- • Ans, a — J + 



a + 5 ' a +6 

11. Reduce • Ans. aj + 7 -|- 



a; — 4 85 — 4 

FOURTH TRANSFORMATION. 

To reduce a mioced quantity to a fractional form, 

80, This transformation is the converse of the preced- 
ing, and may be effected by the following 

RULE. 

Multiply the entire part by the denominator of the frac- 
tion^ and add to ths product the numerator / write the result 
over the denominator of the fraction. 

EXAMPLES. 

1. Reduce 64 to the form of a fraction. 

40 
6 X Y = 42; 42 + 1 = 43; hence, 6^ = y- 



Reduce the following to fi actional forms 


' 


2 « «'-<«» _«^- 


05 


-05^)^ 


J, 2a;2 _ a^ 


X 


X 


ax ■{• 7? 






, ax — ^ 

Ans, — • 

2a 


4. 5 + ^V'- 

305 






A l'^« - "^ 


3oj 


6 1 «-«- V 




Ar 


2a — flj 4- 1 


a 


a 


«. 1 + 20. «-^ 

505 




Ans. 


10o;2+ 4o5 + 3 


505 



SO. How do you reduce a mixed quantity to a fractional form ? 
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*, « T 3c -f- 4 . 16a 4- 8J - 3c — 4 

o o 

« ^ . T Oa^jc — aJ . ISa^aj + 6aft 

8. 6ax + • Ans, • 

4a 4a 

8 4- 6a^6^g^ ^ 
12a^ic* 

96a^>cc* + 30a2^2jg4 _ g 



9. 8 + Soft — 



FTFTH TRANSFOEMATION. 

To reduce factions having different denominators, to equi- 
valent fractions having the least common denominator. 

90. This trapsformation is effected by finding the least 
common multiple of the denominators. 

1 O R 

1. Reduce -, -, and —, to their least common denomi- 
nators. 

The least common multiple of the denominators is 12, 
wliich is also the least common denominator of the required 
fractions. If each fraction be multiplied by 12, and the result 
divided by 12, the values of the fractions will not be changed. 

- X 12 = 4, 1st new numerator ; 

3 

- X 12 = 9, 2d new numerator; 
4 

~ X 12 = 6, 3rd new numerator ; hence, 

4 9 5 

-— , — , and -— are the new equivalent fi-actions. 

90. How do you reduce fractions having different denominators, to equi 
Talent fractions having the least common denominator ? When the nu 
merators have no ootimon factor, how do you reduce ihem f 
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RULE. 

I. Fi7id the least common rmiltiple of the denominatoi's : 
II. Multiply each fraction by it^ and cancel the denom^ 
inator : 

ni. Write each product over the common multiple^ and 
, the results will be the required fractions, 

GBNBRAL RULE. 

Multiply each numerator by aU the denominators except 
its ovm^ for the new numerators^ and oM th>e denominators 
together for a cominon denominator, 

EXAMPLES. 

a c 

1. Reduce -r tz and — ; — = to their least common 

a^ ■— b^ a -\' b 

denominator. ^ 

The least common multiple of the denominators is (a + ft) 
(a - ft) f 

■^2Zr^2 X (a + ft) (a - ft) = a 

, X (a -f- ft) (« — ft) = c(a — ft ; hence, 
a "j~ 

; — -"TT^ jx and , — r^T-T-jA' ^^® ^^^ required 

(a 4- ft) (a — ft) (a -|- ft) (a — ft) ^ 

fractions. 
Reduce the foUoAving to their least common denominators : 

^ 3a; 4 - 12052 . 45cb 40 48aj2 

2. -r ♦ X 1 and --— - • Ans, --— , -— , -— — 
4 ' 6' 15 60 ' 60' 60 

3ft2 ■ 5c3 . 12a 9ft2 lOc^ 

3. a, — , and -• Ans. — , -, — 

, 3a5 2ft , , . 9cx 4ab Qacd 

4. T- , t:- , and a. -4.w«. r — , - — , -z — 
2a 3<j 6ao Gfc 6ae 
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8 2a; 205 . da Sax I2a} + 

^- 4' ¥' """^ "^* ^'*^- 12^' 1^' 12"^ 



06 

9(Z Saa; 12a^ + 24a; 
12^' 12a' 12a 

a;(l - xY xHl — x) , a^• 

(1 — a;)3 ' (1 — xy (1 — xy 

. c c " b , 
7. — , , and 



6a* * a 4- 6 

ac» 4- bc^ 5a^c — 5a^6 + 6abc — Sg^ Soc^ ^ 

6a^o + 6a^c' Sa^c + 5abc * Sa^c 4- 5abc* 

^ ex ds? , «^ 

o. , — ; — , and — ; — • 

a — a;a4-a; a + a; 

. ca;(a4-a;) cfo;^(a — a;) , 7^{a — a;) 

Ans. \ ' , — ^ --^ , and '-\ -^ 

a^ — Q? ^ a^ — x^ ^ a^ — x^ 

ADDITION OF FRACTIONS. 

#1, Fractions can only be added when they have a com- 
mon unit, that is, when they have a conunon denominator. 
In that case, the sum of the numerators will indicate how 
many times that unit is taken in the entire collection. 
Henc9, the 

BULB. 

L Reduce thefrdctiona to be added^ to a common denom- 
inator : 

TL Add tJie numerators together for a new numerator ^ 
and torite the sum over the comm^m denominator. 



BXAMPLBS. 

1. Add oj «> and ri together. 



91. What is the rale for adding fractious ? 
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By reducing to a common denominator, we have, 

6 X 3 X 5 = 90, 1st numerator. 

4 X 2 X 5 = 40, 2d numerator. 

2 X 3 X 2 = 12, 3d numerator. 

2 X 3 X 5 = 30, the denominator. 

Hence, the expression for the sum of the ^-actions becomes 

90 40 12 _ 142^ 
30 "^ 30 ■*" 30 "" 30 ' 
which, being reduced to the simplest form, gives 4^^. 

2. Find the sum of t» -7* and -j.- 
o a J 

Here, a x d xf = adf 

e xh xf 

e X b X d =i 
and b X d xf = bdf 



= adf ) 
= cbf \ 
= ebd ) 



the new numerators. 



the common denominator. 
Hence. "^^4- ^4. ?^ - «^/+ <^ /+^^ the sum. 

Add the following : 

8052 , , . 2ax 



3. a — r- , and b H • Ans. a + b + 

o c 



^abx-^Zca? 



be 



4. 


X 

2' 


X 

3' 


and -. 
4 




6. 


X — 
3 


•2 , 4a5 
_ and y 


• 


6. 


aj + 


X — 
3 


— and 


3aj + - 


1. 


4a^ 


2a' 


, and 


05 4- a 

2iB 


8. 


2x 
3' 


1x 
4 ' 


and 


2iB 4- 1 
5 


9. 


4aj, 


7a5 
9' 


and ! 


X 



Ans. « + j2 



205 — 3 



Ans. 4x + 



19a5 — 14 

21 
10a>— 11 
12 
5qc^ + ax + a^ 



Ans. 

Ans.Ax-\' 



Ans. 2x + 



2ax 
4905 + 12 



60 



Am. 2 + 405 4- 



4405 
46 
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10. 305 + — and a; — — . Am. Sx + -—- 

o 9 45 

11. ac — ^-- and 1 — •3- 

8a d 

An,.l + ac ^ 

. 4a? — Sx + 4 



3 



(«-l) 



SUBTRACTION" OF FRACTIONS. 

92. Fractions can only be subtracted when they have 
the same unit; that is, a common denominator. In that 
case, the numerator of the minuend, minus that of the sub- 
trahend, will indicate the number of times that the common 
unit is to be taken in the difference. Hence, the 

RULE. 

I. Reduce ths two fractions to a co^ rnon denomir 

inator : 

n. Then subtract the numerator of the subtrahend from 
that of the minuend for a new numerator y and write the 
remainder over the common denominator. 

EXAMPLES. 

3 2 

1. Whjlt is the difference between - and - - 

7 

7 8 ~ 66 66 "" 56 "" 28' ^* 
92. What is the rule for subtracting fractions? 



MULTIPLICATION OF FRACTIONS. 99 

OR ^~ CL ^Cb """• 4fl5 

2. Find the difference of the fractions ^, and — - — 

-, j (aj — a) X 3c = 3ca5 — 3ac ) ,, 

tiere, i,^ .^ ^, ,, ^, }■ the numerators, 

' ( (2a — 4a5) x 2^ = 4aft — 8^05 ) * 

and, 25 X 3o = 6^0 the common denominator. 

rr Scjc— 3ac 4aJ— 8&B 3ca5— 3ac— 4a5+85a5 . 

Hence, — -=■ = -^ -^ . Am. 

Qbc 6bc 6bc 

3. Required the difference of -r— and — • Ans, — • 

^ 7 6 35 

4. Required the difference of 6y and ~ • -4w5. — - • 

8 8 

5. Required the difference of — and — - • Ans, — — • 

^ 7 9 63 

6. From ^ ^ subtract ^ "" ^ - ^4^15. , ^^ - 

X — y X + y x^ — y^ 

Y. From subtract -= r- ^^^«. ^^-^ r- • 

y — Z y2 _ 02 yl ^ ^ 

Find the differences of .the following: 

^ 305 4- a , 2a; 4- V ' 24a; + 8a — lOJa; — 35ft 

8. — -T — and — - — • Ana. 7-7 • 

hb 8 40ft 

«.« .« , sc — a . ^ ^ ex -\-hx — ah 

9. 3a; + 7 and x • Ans, 2x H r ' 

o c 00 

^ a ■— X -a-f-a; , 4a; 

p. a H — 7 r and -7 : • Ans, a — 



a{a + a;) a(a — a;) * a^ — x^ 



r , . MULTIPLICATION OF FRACTIONS. 

oSr Let T and -y, represent any two fractions. It has 
been shown (Art. 81), that any quantity may be multiplied 

98. What is the rule for the multiplication of fractions? 
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by a fi-action, by first multiplying by the numerator, and 
then dividing the result by the denominator. 

To multiply -=■ by ;^ i we first multiply by c, giving -=- 

then, we divide this result by dj which is done by multiply- 



ac 



uig the denominator by d; this gives for the product, j-ji 
that is, 



a c ac . 



BULE. 



I. Jy there are mixed qiUDitities^ reduce them to a /rae- 
lionalform; then^ 

II. Multiply the numerators togetJier for a new nuraeror 
tor^ and the denominators for a new denominator, 

EXAMPLES. 

1. Multiply a -\ ^y ^* First, a •] = , 

, a^ + bx c a^c -^ hex . 

hence, x -^ = , — • Ans, 

ad ad 

Fmd the products of the following quantities : 

^ 2x Sab , Sac , 

2. — , — , and --=- Ans. dax. 
a 2b 

o J. i ^ ji <^ M ah + bx 

8. o H and - • Ans, • 

a X ' X 

sb2 -_52 a.2 4. ^,2 aj* - 6* 

4. — = — and -^ — ; — • Ans. 



^^' 



be b '\- c ' b^c + bc^ 

^ . a? + 1 ,05 — 1 . ax^ — ax + a? ^1 

6. X -\ , and — — r- Ans. — ■ r-- — -. • 

a ' a -^ b a^ + ab 

^ , ax , a^ . 3.2 cf^ 4- a^ 

^6. a H and — -— ^ • Ans. ---^ • 
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7. Multiply 7 by — z — • 

We have, by the rule, 

2a gg- b^ _ 2a{a^ - &^) _ 2a{a + 5) (a - ft) 

a - 6 ^ 3 "" 3(a — ft) ■" 3(o - ft) 

= f (« + b). 

After indicating the operation, we factored both numera- 
tor and denominator, and then canceled the common factors, 
before performing the multiplication. This should be donej 
tffhcfiever there are common factors. 

Ans. ^^^-y^. 



o 


2 


by 


«*-y» 


o« 


fl5-y 


• 

a 


9. 


a?- 4 
3 


by 


ix 
x + 2 


0. 


(« + by 

2x 


by 


4x^ 
(a + ft) 



. 4x(x — 2) 

Ans. 2x{a + ft). 

11. -^ ^-^ by ^^ ^. Ans. • 

y^ x — 1 y 

,13. . + J^ by a,--^ Ans.^. 

^^* - . 20! — 5 , 6a - 2J . J — 3a 

15. «_y* by ? + ?^. ^n.. ^-IJ^ 

05 y as aj^y 



'/■<^ 
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DIVISION OF FRACTIONS. 

P 1 

94. Since - = p x - , it follows that, dividing by a 

quantity is equivalent to multiplying by its reciprocal. But 

c d 

the reciprocal of a fraction, ^, is - (Art. 28) ; conse- 
quently, to divide any quantity by a fraction, we invert the 
terms of the divisor, and multiply by the resulting fraction. 
Hence, 

a ^ ' c _ a d __ ad 

b ' d '^ b c '~ bo 

Whence, the following rule for dividing one fraction by 
another : 

RULE. 

I. Itediice mixed qriantities to fractional forms : 
n. Invert the terms of the divisor^ and multiply the 
dividend by the resulting fraction. 

Note. — ^The same remarks as were made on factoring 
and reducing^ under the head of Multiplication, are appli- 
cable in Division. 

EXAMPLES. 

1. Divide a by - • 

2c ^ g 

b^ _ 2ac — b 

"" 2c "■ 2c 

Hence. a-l^^-=. H^"^ x f = ?^f-^. Ans 

44. What ifl the rule for tho division of fractions? 
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2. Divide H(^±i^ by ^. 

2(0? + y) a ^ 2(« + y) y ^ 

a 852 _ y2 a (a; + y) (a - y) 

a; — 2/ 

7a; 12 ^ Ola* 

3. Let — be divided by — • Ans, — • 



4./>.2 _ - 4a5 

4. Let -^ beaividedby hx. Am. — . 

5. Let ^^ be divided by — • Am. —^ • 

2 

6. Let —^ be divided by -• ^^. ^^TZTi" 

1. Let J be divided by ^. ^^^. -^' 



X — b ^_ .,.,:.. i_ 3ca5 . «_ 



6c^a5 



8. Let ?g=^* be divided by ^. 4n«. 

Divide the following fractions: 

9- 3 "7 3 a + 2 



10 ^-^^ by ^^?. ^n^. «+ I- 

^^' x'-2bx-\- b'^ ^ X- b « 

4a;2 . (fl^ + ^y 

11. 2x(a + ft) by ^-^' Arts. — 



2x 






104 
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14. by 

15 a? by aj — 



a + « 


2vy 


a + y 


6a- 2ft 



^7l«. 



-4»w, a; + 



a»- g* 
1 -ar** 

2gy 



JB-y 



ft2-2aft 



,^ ft — 3a ^ 

"• -^V ^^ y"*"«' 

18. m^ + 1 -r -^ by m + i + 1. 



Ans. — - — • 

4a 



Ans, 



c^-ya 



m' 



m 



Ans. m -\ 1. * 

m 



Vaj-hy yf^\y x + yf 
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CHAPTER V, 

EQUATIONS OP THE FIRST DEGREE. 

95. An Equation is the expression of equality between 
two quantities. Thus, 

X = h + Cy 

is an equation, expressing the fact that the quantity a;, w 
equal to the sum of the quantities b and c. 

96. Every equation is composed of two parts, connecter* 
by the sign of equality. These pails are called members : 
the part on the left of the sign of equality, is called tho Jirsi 
wemher ; that on the right, the second m^emberr Thus, in 
the equation, 

a; -f a = J — c, 

a; + a is the first member, and ft — c, the second 'member. 

to 

97. An equation of the^rs^ degree is one wliich involves 
only the first power of the imknown quantity ; thus, 

6a; + 335 — 5 = 13 ; ( 1 ) 
and ax + bx -{- c =z d\ (2) 

are equations of the first degree. 

96. What is an equation ? 

96. Of how many parts is every equation composed? How are the 
parts connected ? What are the parts called ? What is the part on the 
left called? The part on the right ? 

97. What is an equation of the first degree ? 

6* 
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99« A NUMERICAL EQUATION is One in Avliich the LoeiK. 
cieiits of the imknowii quantity are denoted by numbers. 

99. A LITERAL EQUATION is One in which the coefficients 
of the unknowTi quantity are denoted by letters. 

Equation ( 1 ) is a numerical equation ; Equation ( 2 ) is a^ 
literal equation. 

EQUATIONS OP THE FIRST DEGREE CONTAINING BUT ONE 
UNKNOWN QUANTITY. 

100. Tlie Transformation of an equation, is the opera- 
tion of changing its form without destroying the equality 
of its members. 

101. An Axiom is a self-evident proposition. 

10*2. Tlie transformation of equations depends upon tho 
following axioms : 

1. If equal quantities he added to both members of an 
equation^ the equality will not be destroyed, 

2. If equal quantities be subtracted from both members 
of an equation^ the equality will not be destroyed, 

3. If both members of an equation be multij^lied by t/ie 
scnne qt/anfify^ the equality will 7\ot be destroyed. 

4. If both members of an equation be divided by the sam^ 
quantity^ the equality will not be destroyed, 

5. Like powers of the tico mend>ers of an equation are 
equal, 

6. Like roots of the two members of an equation are 
equal, 

98. What is a mimorical equation ? 
99 What is a literal equation? 

100. What is the transformation of an equation? 

101. What is an axiom ? 

102. Name the axioms on which the* transformation of an equation 
depends. 
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103. Tavo principal transformations are employed in the 
solution of equations of the first degree: Clearing of frcuy 
tionSy and Transposing. 

CLEARING OF FRACTIONS. 

1. Take the equation, * 

2x Bx X 

— — -- + - = 11. 

The least common multiple of the denominators is 12. If 
we multiply both members of the equation by 12, each term 
"wfll reduce to an entire fonn, giving, 

805 — 9a5 + 2aj = 132. 

Any equation may be reduced to entire terms in the same 
manner. 

104. Hence for clearing of fractions,* we have the fol- 
lowing 

RULE. 

I. JPi9id the least common multiple of the denominators : 
n. Multijyly hoth members of the equation by it^ reduc- 
ing the fractional to eiitire terms. 

Note. — 1. The reduction will be effected, if we divide the 
least common multiple by each of the denominators, and 
then multiply the con-esponding numerator, dropping the 
denominator. 

2. The transformation may be effected by multiplying 
each numerator into the product of all the denominators 
except its own, omitting denominators. 

103. How many transformations Are employed in the solution of equa- 
tions of the first degree ? What are they ? 

104. Give the rule for clearing an equation of fractions f In what three 
ways may the reduction be effected ? 
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3. The transfomiation may also be effected, by multiplying 
both members of the equation by any multiple of the der 
ft'Ominatora. 

EXAMPLES. 

Clear the following equations of fractions: 

1. I + I — 4 = 3, Ana. 1x + Saj — 140 = 106. 

2. e + 9 "" 27 ~ ^' '^' ^® + ^® — 235 = 432. 

«• 2 + 8-9+12 = 2°- 

Ana. 1805 + 12aj — 4a5 -f 3o5 = 720. 

4. 5 + ]S — o = ^' -^^- ^^® + 1^ "" 3605 = 280. 

6. 4 — 5 + S = 15- -^^- 15* — 1205 + 1005 = 900 

— * *" ^ _ * ^ 2 __ 6 
3 ""6~ ■" 3* 

Ana. — 2o5 + 8 — 05 + 2 = 10. 

05 3 

7. T h 4 = -• -4n5. 6o5 + 60 — 20o5 = 9 — 3o5. 

o — 05 5 

Ana. 1805 — 12o5 + 9o5 + 8oj = 864. 
6. ^ — ^ + / = ^. -4n5. ad — be + bdf = ftc?^ 

,^ 005 2c2o5 , ^ 4^<;2o5 6a3 2c» 

b ab a? b^ a 

The least common multiple of the denominators is a^^ 

u^hx — 2a25c2o5 + 4a*5» = 4&3c2a5 — 6a« + 'la^b'^i?' — Sa^ft* 
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PRANSPOSING. 

1 05. Transposition is the operation of clianging a term 
from one member to the other, without destroying the 
equality of the members. 

]. Take, for example, the equation, 

525 — 6 = 8 + 205. 

If, in the first place, we subtract 2x from both members- 
the equality will not be destroyed, and we have, 

6a5 — 6 — 2a5 = 8. 

Whence we see, that the term 2a5, which was additive in 
the second member, becomes subtractive by passing into 
the first. 

In the second place, if we add 6 to both members of 
the last equation, the equality will still exist, and we have, 

6a; — 6 — 235 + 6 = 8 -}- 6, 

or, since — 6 and + 6 cancel each other, we have, 

6a; — 205 = 8 + 6. 

Hence, the term which was subtractive in the first member, 
passes into the second member with the sign of addition. 

106. Therefore, for the transposition of the terms, wo 
have the following 

RULE. 

Any term may be transposed from one member of an 
equation to the other^ if the sign be changed. 

105. What is transposition ? 

106. What is the rule for t> transposition of the t^rms of an equation? 
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EXAMPLES. 

Transpose the unkno\vii terms to the first member, and 
thp known terms to the second, in the following : 

1. 3a; + 6 — 5 = 2aj — 7. Ans. 3a; — 2a; = — 7 — 6 -f- 5. 

2. ax -{- b =i d — ex. Ans, ax + ex = d — b, 

3. 4a; — 3 = 2a; + 5. Ans. 4a; — 2a; = 6 + 3. 

4. 9a; + c = ca; — ef. Ans. dx — ex == — d — c. 

5. ax + f = dx -\- b. Ans. ax — dx = b —f. 

6. 6a; — c = — oa; + ft. Ans. 6a; + oa; = ft + c. 



SOLUTION OF EQUATIONS. 

107. Tlie Solution of an equation is the operation of 
finding such a vahie for the miknowTi quantity, as will 
satisfy the equation ; that is, such a value as, being sub- 
stituted foT the unkno\\'Ti quantity, ^^dll render the two mem- 
bers equal. This is called a root of the equation. 

A Hoot of an equation is said to be verified^ when being 
subsLitutod for the unkno^\^l quantity in the given equation, 
the two members are found equal to each other. 

1. Take the equation, 

?? - 4 =, ^(^ " ^) . 3 
V 2 8 

Cleai Jig of fractions (Art. 104), and performing the openu 
tions imlioated, we have, 

12a; — 32 = 4a; - 8 + 24. 

107. "WLik is the solution of an equation? What is the found value 
of the unkui wn quantity called ? When is a root of an equation said to 
be Terificd. 
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Transposing all the unknown terms to the first member, 
and the known tiei-ms to the second (Art. 106), we have, 

12a; — 4a; = — 8 + 24 + 32. 

Reducing the terms in the two members, 

8a; = 48. 

Dividing both members by the coefiicient of as, 

X = — = 6. 

VERIFICATION. 
3X6 , 4(6 - 2) , ^ 

-T--^= 8— + '^ or, 

+ 9-4 = 2 + 3 = 6. 
Hence, 6 satisfies tlie equation, and therefore, is a root. 

108. By processes similar to the above, all equations of 
the first degi'ee, containing but one unknown quantity, may 
be solved. 

EULE. 

I. Clear the equation effractions^ and perform all the 
indicated operations : 

n. Transpose all the unknown terms to the first member^ 
and all the hnovm terms to the second member : 

in. Heduce aU the terms in the first m,ember to a single 
term^ one factor of which will be the unknown quantity^ 
and the other factor will be the algebraic sum of its coeffi* 
dents : 

rV. Divide both members by the coefficient of the unknown 
quantity : the second member will then be the value of the 
wihiown quantity. 

108. Give the rule for solving equations of the firet degree with one 
unknown quantity. 



112 BLEMENTABY ALGEBRA. 

EXAMPLES. 

1. Solve the equation, 

12 "" T "■ - 8 6"'* 
Clearing of ff actions, 

lOaj — 3205 — 312 = 21 — 52aj. 

By transposing, 

lOaj — 32aj + 52x = 21 + 312. 

Byredi^ing, 30x = 333; 

- 333 111 

hence, x = -— - = -— - = 11.1; 

^ 30 10 ' 

a result which may be verified by substituting it for x in 
the given equation. 

2. Solve the equation, 

(3a — a;) (a — ft) + 2ax = 4b(x + a). 

Performing the indicated operations, we have, 

3a* -- oaj — Sab + bx + 2ax = 4bx + 4ad. 

By transposing, 

— ax + bx -^ 2ax — Abx r= 4aft + Sab — 3a'. 

By reducing, ax — Sbx = *ldb — 3a* ; 

Factoring, (a — Sb)x = *Jab — 3a*. 

Dividing both members by the coefficient of x^ 

lab - 3a* 

X = -Y-- 

a — 3ft 

3. Given 3aj — 2 + 24 = 31 to find x. Ana. a; = 3, 

4. Given as + 18 = 3s6 — 5 to find a Ana, x -= W\ 
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6. Given 6 — 2a5 + 10 ^ 20 — 3aj — 2, to find x. 

Ana. X = 2. 

6. Given a; + |aj + |^aj = 11, to find x. Ans. aj = 6. 

7. Given 2a5 — |aj + 1 = Saj — 2, to find aj. 

Ans. a; 3= (• 

Solve the following equations: 

a , ^ 6 — 8a 

2 6a — 26 

9. — 1- - = 20 — • Ans. aj = 23 J • 

2 3 2 

,^a;4-3,aj . aj — S . 

10. —^ + 3 = ^ 4 ^^' * = ^A- 

as 3a; 4as . 

11. 7 — IT + * = -^ — 8. Ans. a? = 4. 

4 2 o 

,^ Soas 2to ^ ^ , edf+ 4cd 
12. 3 4 = /^ ^n«. aj = -^ -r- 

_^ aj— a 2a5 — 86 a — aj ,^ ,,,z 

^^- -3 5 2- = ^^" + "*• 

^rw. X = 25a + 246. 

_. aj 8— a;6 + a!,ll ^ - 

14. - « -g J- + -J- = 0. ^na. « = 12. 

,e « + « . « — « 26» - a*— 6* 

15. — ; h = -T Ans, X = • 

a-f-aja— aj or — o?^ c 

8aa;- 6 36 - <5 

16. —^ — = 4 « 6. 

56 + 96 - Yc 

-47W. a? = =-; • 

16a 

,^ 05 as — 2 , a; 13 . 

5 8 2 3 
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X XX X 

abed 



18- ^-!^!-?=/• 



. abcdf 
Ans, X = •^— 



bed — acd + abd — abc 

Note. — ^Wliat is the numerical value of x^ when a = 1, 
ft = 2, c = 3, rf = 4, and / = 6 ? 

19. ^ - -g- 7— = — 12}|- Ans. X = 14. 

3a; — 5 4a5 — 2 . 

20. aj 1 — =35+1. Ans. a; = 6, 

21. aj + - + - — - = 2a; — 43. Ans. x = 60. 

«« « 4a; — 2 3a; - 1 . 

22. 2a; — = — - — • Ans. a; = 3. 



23. 3a5 -I — = X + a. Ans. x = 



6 -r b 



^, ax — b , a bx bx — a 



Ans. X = ;rT. 

Za — 2* 

4a; 20 - 4a; 15 . „ 2 

25. = — Ans. X = 3— . 

5 — a; a; a; 11 

^^ 2a; + 1 402 — 3a; ^ 471 — 6a; 

26. — :rT = 9 • 

29 12 2 

Ans. X = 72. 

27. f£±i)4rJ) _ 3a = l^^r*! _ 2x+^^. 

a — b a + b b 



^n*<i. a; = 



2ft(2a2 + oft - ft2) 
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PROBLEMS. 

109. A Pboblem is a question proposed, requiring a 
solution. 

The Solution of a problem is the operation of finding a 
quantity, or quantities, that will satisfy the given conditions. 

The solution of a problem consists of two parts : 

I. The STATEMENT, wMch consists in expressing^ algehra- 
ically^ the relation between the known and the required 
quantities, 

n. The SOLUTION, which consists in finding the values 
of the unknown quantites^ in terms of those which are 
known. 

The statement is made by representing the unknown 
quantities of the problem by some of the final letters of the 
alphabet, and then operating upon these so as to comply 
with the conditions of the problem. The method of stating 
problems is best learned by practical examples. 

1. What number is that to which if 5 be added, the sum 
will be equal to 9 ? 
Denote the number by x. Then, by the conditions, 

a; + 5 = 9. 

This is the statement of the problem. 

To find the value of a?, transpose 5 to the second member ; 
then, 

X = 9 — 5=4. 

This is the solution of the equation. 

VERIFICATION. 

a; + 5 = 9. 

109. What is a problem ? What is the solution of a problem f Of 
how many parts docs it consist' What are they? What is the state- 
ment ? What is the •olutioo ? 
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2. Find a number such that the sum of one-half, one-tliird, 
and one-fourth of it, augmented by 45, shall be eqaal to 448 

Let the requiredtiumber be denoted by aj. 

X 

Then, one-half of it will be denoted by -, 
one-third " " by 



one-fourth " ** by 

and, by the conditions, 



X 

8' 
X 

V 



XXX 

2 + 3 + i + 46 = 448. 

This IS the statement of the problem. 

Clearing of fractions, 

6ic -H 4aj + 3aj + 540 = 5376 , 
Transposing and collecting the unknown terms, 
13a; = 4836; 

4836 
hence, x = -— ~ = 372. 

13 

VEEIFICATION. 

o^o ^^9 372 

t^ + ^^ ^ -L- + 45 = 186 -M24 + 93 + 45 = 448. 
2 o . 4 

3. What number is that whose third part exceeds its 
fourth by 16 ? 

Let the required number be denoted by os. Then, 

-X = the third part, ] 

8 

-05 = the fourth part ; 
4 
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and, by the conditions of the problem, 

-x X = 16. 

3 4 

This is the statement. Clearing of fractions, 

4a; — 3a5 = 192, 

and hence, x = 192, 

VERIFICATION. 

192 192 

-i i^ = 64 - 48 = 16. 

o 4 

4. Divide $1000 between -4, ^, and (7, so that A shall 
have $72 more than JBy and G $100 more than A. 

Let X denote the number of dollars which JB received. 

Then, x = JS^s number, 

05 + 72 = A^s number, 
and, 05+172 = (7's number ; 

and their sum, 3a; + 244 = 1000, the number of dollars. 

This is the statement. By transposing, 
3a; = 1000 — 244 = 766 ; 
and, X = -— = 262 = JS^s share. 

Hence, o; + 72 = 262 + 72 = 324 = A^s share, 
and, a; + 172 = 262 + 172 = 424 = C's share. 

VEEIFICATION. 

252 + 324 + 424 = 1000. 

6. Out of a cask of wme which had leaked away a tliird 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : how much did it 
hold? 
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Let X denote the number of gallons. 

Then, - z= the number that had leaked away, 
o 

and, - + 21 = what had leaked and been drawn. 
3 

Hence, by the conditions, « + ^1 = - • 

This is the statement. Cleaiing of fractions, 

2x + 126 = 3aj, 
and, — a; = — 126 ; 

and by changing the signs of both members, which does not 
destroy their equality (since it is equivalent to multiplying 
both members by — 1), we have, 

X = 126. 



VERIFICATION. 
126 . ^, ,„ . „, ,^ 126 

-— - + 21 = 42 + 21 = 63 = -- . 
3 2 



6. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together : what was 
the weight of the fish ? 

Let 2x = the weight of the body, in pounds. 

Then, 9 + a; = weight of the head ; 

and since the body weighed as much as both head and tail, 

205 = 9 + 9 + a?, 
which is the statement. Then, 

2x — X = 18, and x = 18. 
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Hence, we have, 

2x = 36/^. = weight of the body, 

9 + fic = 2llb. =. weight of the head, 

9lb. = weight of the tail ; 

hence, ^2lb, = weight of the fish. 

7. The sum of two numbers is 67, and their differerce 19 
what are the two numbers ? 

Let X denote the less number. 

Then, aj + 19 = the greater; and, hj the conditions, 

205 + 19 = 67. 

This is the statement. Transposing, 

2aj = 67 — 19- = 48; 

hence, aj = --- = 24, and aj + 19 = 48. 

VERIFICATION. 

43 + 24 = 67, and 43 - 24 = 19. 

ANOTHER SOLUTION. 

Let X denote the greater number. 

Then, 05 — 19 will represent the less, 
and, 205 — 19 = 67; whence 2a5 = 67 4- 19. 

Therefore, 05 = -— = 43; 

and, consequently, 05 — 19 = 43 — 19 = 24. 

GENERAL SOLUTION OP THIS PROBLEM. 

The sum of two numbers is 5, their difference is d: what 
are the two numbers ? 
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Let X denote the less number. 

Then, x + d will denote the greater, 
and 2x + d = «, their sum. Whence, 

* - ~2~ " 2 " 2' 
and, oonBequently, 

« + €? = - — - + a=t--4--« 
2 .2 2 2 

As these two results are not dependent on particular 
values attributed to « or ci^ it follows that : 

1. The ffreater of two numbers is equcd to hodf their sum, 
plus half their difference : 

2. The less is equal to half their sum, minus half theif 
difference. 

Thus, if the sum of two numbers is 32, and their diffei 
ence 16, 

QO 1 A 

the greater is, -— + ---= 16 + 8 = 24; and 
2 2 

on 1 a 

the less, —-=16 — 8= 8. 

2 2 

VERIFICATION. 

24 + 8 = 32; and 24 — 8 = 16. 

8. A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents, and for each day 
that he T^as idle, he paid 12 cents for his board. At the 
end of the 48 days, the account was settled, when the laborer 
received 604 cents. JRequired, the number of working days^ 
and the number of days he was idle. 

K the number of working days, and the number of idle 
days, were known, and the first multiplied by 24, and the 
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second by 12, the difference of these products wonld be 
604. Let us indicate these operations by means of algebraic 
^gns. 

Let X denote the nunfber of working days. 

Then, 48 — aj = the number of idle days, 
24 X a; = the amount earned, 
and, 12(48 ~ a;) = the amount paid for board. 

, Then, 24a5 - 12(48 - a?) = 604, 

what was received, which is the statement. 

Then, performing the operations indicated, 

24aj — 676 + 12aj = 604, 
or, 36aj = 604 + 676 = 1080, 

and, X = -—- = 30, the number of working days; 

36 

whence, 48 — 80 =18, the number of idle days. 

VERIFICATION. 

Thirty days' labor, at 24 cents) ^^ «. ^^^ 
, v. X h 30 X 24 = 720 cents. 

a day, amounts to ) 

And 18 days' board, at 12 cents ) ,^ ,^ ^,^ 
, \ ^ ' M8 X 12 = 216 cents. 
a day, amounts to ) 

The difference is the amount received .... 604 cents. 

GENERAL SOLUTION. 

This problem may be made general, by denoting the whole 
number of working and idle days, by n ; 

The amount received for each day's work, by a ; 

The amount paid for board, for each idle day, by b ; 

And what was due the laborer, or the balance of the 
account, by c. 
6 
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As before, let the number of working days be denoted 
hjx. 

The namber of idle days will then be denoted by n — «. 

Hence, what is earned will be (expressed by oas, and the 
sum to be deducted, on account of board, by b{n — ob). 

The statement of the problem, therefore, is, 

ax — b{n — • ») = c. 
Peiforming indicated operations, 

ax — bn + bx =z c^ or, (a + b)x = c + bn; 

whence, x = — — r = number of working days ; 

- c + bn an+bn—c—bn 

and, n — as = n - 



or. 



a+b a+b ' 

n — a? = =- = number of idle days. 

a + 5 "^ 



Let us suppose n = 48, a -= 24, 5 = 12, and c = 604 ; 
these numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining $600 to the poor; what was the amount 
of the property ? 

Let X denote the amount, in dollars, 

* X 
Then,- - = what he left to his wife, 

X 

- = what he left to one daughter, 

2as X 
and, "ft" ~ ^ wiat he left to both daughters, 

X 

also, — = what he left to his servant, 

12 

and, $600 = what he left to the poor. 
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Then, hj the conditions, 

XXX 

- + ~ + — r -H 600 = 05, the amount of the property, 
2 o 12 

which gives, • x = $7200. 

10, ^ and £ play together at cards. A sits down with 
$84, and JB with $48. Each loses and wins m turn, when 
it appears that A has five times as much as JB. How much 
did -4 win? 

Let X denote the number of dollars A won. 
Then, A rose with 84 + a; dollars, 

and J3 rose with 48 — cb dollars. 

But, by the conditions, we have, 

84 + a? = 6(48 - sb), 

hence, 84 + aj = 240 — 6cc; 

and, 6aj = 156, 

consequently, a? = 26 ; or -4 won $26* 

VERIFICATION. 

84 + 26 = 110 ; 48 — 26 = 22; 
110 = 5(22) = 110. 

11.-4 can do a piece of work alone in 10 days, ^ ia 13 
days ; in what time can they do it if they work together ? 

Denote the time by as, and the work to be done, by 1. 
Then, in 

1 day, A can do — of the work and 

JB can do — of the work ; and in 

X 

X days, A can do — of the work, and 

X 

B can do ~ of the work 
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Hence, by tlie conditions, 

"-- + -- = 1, which gives, 13aj + 10a; = 130; 
10 lo 

130 
hence, 23x = 130, x == — - = 5JA days. 

23 

12. A fox, pursued hy a hound, has a start of 60 of his 
own leaps. Three leaps of the hound are equivalent to 7 of 
the fox ; but while the hound makes 6 leaps, the fox makes 
: how many leaps must the hound make to oveitake the 
fox? 

There is some difficulty in this problem, arising from the 
different units which enter into it. 

Since 3 leaps of the hoimd are equal to 7 leaps of the fox, 

7 
1 leap of the hound is equal to - fox leaps. 

3 

Since, while the hound makes 6 leaps, the fox makes 9, 

9 3 

w^hile the hound makes 1 leap, the fox will make ^ » or - 

leaps. 

Let X denote the number of leaps which the hound makes 
before he overtakes the fox ; and let 1 fox leap denote the 
u7iU of distance. 

. * 7 

Since 1 leap of the hound is equal to - of a fox leap, x 
7 3 

leaps will be equal to -x fox leaps ; and this will denote the 
3 

distance passed over by the hound, in fox leaps. 

3 

Since, while the hoimd makes 1 leap, the fox makes - 

3 ^ 

^^ 1(;aps, while the hound makes x leaps, the fox makes -x leaps ; 

z 

and til is added to 60, his distance ahead, will give 

Q 

-a + 60, for the whole distance passed over by the fox. 
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Hence, from the conditions, 



7 3 

-X = -a 4- 60 ; wnenco, 

14a; = 9a; + 360; 

a; = 72. 



The hound, therefore, malces 72 leaps before overtaking 
le fc 
leaps. 



3 

the fox ; in the same time, the fox makes 72 x - = 1 08 



VERIFICATION. 

108 + 60 = 168, whole number of fox leaps, 
72 X g = 168. 

13. A father leaves his property, amounting to $2520, to 
four sons, -4, j5, (7, and D. G is to have $360, B as much 
as C and D together, and A twice as much as B^ less $1000 : 
how much do A^ B^ and D receive ? 

Ans, ^,$760; ^,$880; J9, $520. 

14. An estate of $7500 is to be^divided among a wddow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child ? 

{Widow's share, $4000. 
Each son's, 1000. 

Each daughter's, 600. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
\vonien, and tlie children 20 more than the men and women 
together : how many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 
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16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther: what is the share of the youngest? Ans. $320. 

17. A purse of $2850 is to be divided among three per- 
sons, -4, B^ and C. A^s share is to be to B*8 as 6 to 11, 
and (7 is to have $300 more than A and B together: wliat 
is each one's share? A^Sy $450 ; B^s^ $825 ; (7'5, $1575. 

18. Two pedestrians start from the same point and travel 
in the same direction; the first steps twice as far as the 
second, but the second makes 5 steps while the first makes 
but one. At the end of a certain time they are 300 feet 
apart. Now, allowing each of the longer paces to be 3 feet, 
how far will each have traveled ? 

Ans. 1st, 200 feet; 2d, 500. 

19. Two cai'penters, 24 journeymen, and 8 apprentices 
received at the end of a certain time $144. The carpenters 
received $1 per day, each journeyman, half a dollar, and 
each a})pr entice, 25 cents : how many days were they em- 
ployed ? Ans. 9 days. 

20. A capitalist receives a yearly income of $2940 ; four- 
fifths of his money bears an interest of 4 per cent., and the 
remainder of 6 per cent. : how much has he at interest ? 

Ans. $70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third, in three : 
in what time will the cistern be • emptied if they all run to- 
gether ? Ans. 32yV ^^• 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees; thpre are also, 120 
cherry trees, and 80 pear trees: how many trees in the 
orchard? A71S. 2400. 

23. A farmer being asked hou many sheep he had. 
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answered, that he had them in five fields ; in the 1st he had 
J, in the 2d, }, in the 3d, |, and in the 4th, i^, and in the 
6th, 450 : how many ha,d he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse ? Ans, $120. 

25. The rent of an estate is this year 8 per cent, greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750, 

26. Wha,t number is that, from which if 6 be subtracted, 
% of the remainder will be 40 ? Ans. 66. 

27. A post IS j- in the mud, | in the water, and 10 feet 
above the water : what is the whole length of the post ? 

Ans, 24 feet. . 

28. After paying J and ^ of my money, I had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans, 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans, 11. 

30. A person, in play, lost J of his money, and then won 
3 shillings ; after which he lost ^ of what he then had ; and 
this done, found that he had but 12 shillings remsdning: 
what had he at first ? Ans, 20s. 

31. Two persons, A and ^, lay out equal sums of money 
in trade; A gains $126, and JB loses $87, and A^s money is 
then double of JB^s : what did each lay out? Ans, $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also; then borrowing 
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again as much money as was Icfl, he went to a third taTcm, 
where likewise he spent 2 shillings, and borrowed as much 
as he had left : and again spending 2 shillings at a fourth 
tavern, he then had notliing remauiing. What had he at 
fii'st ? Ans, 3^. 9£^. 

33. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, 
and found that the four remnants were together equal to 
142 yards. How many yards in each piece? Ans. 64. 

34. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers 
as there are cavalry. How many are there of each coi-ps ? 

Aii8, -200 cavalry; 600 artillery; 1800 infantry. 

35. All the joui-neyings of an individual amounted to 2970 
miles. Of these he ti*aveled 3^ times as many by water as 
on horseback, and 2J times as many on foot as by water. 
How many miles did he travel in each way ? 

Arts, 240 miles; 840 m. ; 1890 m. 

36. A sum of money was divided between two persons, 
A and B, A?8 share was to I^s in the proportion of 5 to 3, 
and exceeded five-ninths of the entire sum by 60, What 
was the share of each? Atis, A^s share, '450; j5'5, 270. 

37. Divide a number a into three such parts that the 
second shall be n times the first, and the third m times aa 
great as the first. 

Ist, : 2d, : 3d, • 

38. A father directs that 111 70 shall be divided among 
liis three sons, in proportion to their ages. The oldest ii 
t \ice as old as the youngest, and the second is one-third 
older than the youngest. How much was each to receive ? 

A^\%, $270, youngest; 8»i 00, second ; $540, eldest 
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39. Three regiiaents are to furaish 694 men, and each to 
ftirnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 6 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

Arts. 1st, 144 men ; 2d, 240 ; 3d, 210. 

40. Five heirs, A^ J5, (7, -D, and JSJ are to divide an inher- 
itance of $5600. J3 is to receive twice as much as A^ and 
$200 more ; C three times as much as Ay less $400 ; D the 
half of what JB and O receive together, and 150 more; and 
£J the fourth part of what the four others get, plus $475. 
How much did each receive ? 

A's, $500; J5'5, 1200; C% 1100; D's, 1300; JEJ's, 1500. 

41. A person has four casks, the second of which being 
filled from the first, leaves the first four-sevenths full. The 
third being filled from the second, leaves it one-fourth full, 
and when the thii d is em])tied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 quarts remauiing. How many 
gallons does each hold ? 

Ans. 1st, 35 gal. ; 2d, 15 gal. ; 3d, 11 J gal. ; 4th, 20 gal. 

42. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other 9. How many days before the 
second will overtake the first ? Ans. 8. 

43. A courier goes 31^ miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22^ miles every three hours. How many 
hours before he will overtake the first ? Ans, 42, 

44. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other at the rate of 3| 
miles per hour. Eight hours after, a person departs fi-pm 

6* 



y^f 
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the second place, and travels at the rate of 6 J miles per hour 
How long before they will be together ? 

Ans, 6 hours, 

EQUATIONS CONTAINING TWO UNKNOWN QUANTimS. 

no. If we have a single equation, as, 

2a; + 3y = 21, 

containing two unknown quantities, x and y, we may find 
the value of one of them in terms of the other, as, 

21 — 3y 

Now, if the value of y is unknown, that of x t^tU also be 
unknown. Hence, from a single equation, contaming two 
unknown quantities, the value of x cannot be determined. 

If we have a second equation, as, 

6a; + 4y = 35, 

we may, as before, find the value of a; in terms of y, giving, 

35 - 4y 
« = — 5— (^-^ 

Now, if the values of x and y are the same in Equations 
( 1 ) and ( 2 ), the second members may be placed equal to 
each other, giving, 

21 — 3v 35 — 4v 

2"^ = g-^, or 105 - \hy = 70 - 8y; 

from w^hich we find, y = 5. 

110. In one equation containing two unknown quantities, can you find 
the value of either ? If you have a second equation involving the same 
two unknown quantities, can you fizd their values ? What are such equa- 
tions called ? 
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Subtituting this value for y in Equations ( 1 ) or ( 2), we 
find a = 3. Such equations are called Simultaneotcs 
equations. Hence, 

111. SiMiiLTANEOus EQUATIONS are those in which the 
Taiues of' the unknown quantity are the same in both. 

ELnnNATION. 

112. Elimination is the operation of combining two 
equations, containing two unknown quantities, and deducing 
therefrom a single equation, containing but one. 

There are three principal methods of elimination : 

1st. By addition or subtraction. 

2d. By substitution. 

3d. By comparison. 
We shall consider these methods separately. 

Elimination by Addition or Subtraction. 
1. Take the two equations, 

3aj — 2y = 7, 

8a; + 2y = 48. 

If we add these two equations, member to member, we 
obtain, 

llaj = 55; 

which gives, by dividing by 11, 

a? = 6; 

and substituting this valie in either of the given equations, 
we find, 

y = 4> ^ 

111. What are simultaneons equations? 

112. What is elimination? How many methods of elimination arQ 
there ? What are thf^y ? 
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2. Again, take the equations, 

835 + 2y = 48, 
Saj + 2y = 23. 

If we subtract the 2d equation from the 1st, we 0Dtaiii« 

5as = 25; 

which gives, by dividing by 5, 

05 = 5; 

and by substituting tliis value, we find, 

y = 4. 

8. Given the sum oi two numbers equal to «, and their 
difference equal to d^ to find the numbers. 

Let X = the greater, and y the less number. 

Then, by the conditions, x + y = s. 

and, 05 — y = dr. 

By adding (Art. 102, Ax. 1), 2x = 8 + d, 

By subtracting (Art. 102, Ax. 2), . . . 2y = « — d. 

Each of these equations contains but one unknown quantity. 
From the first, we obtain, x =z ? "^ - ^ 

and from the second, y = Lllz . 

These are the same values as were found in Prob. 7, page 
120. 

4. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for bis board. 
At the end of the 48 days the account was settled, when the 
laborer received 604 cents. Required the number of work- 
ing days, and the number of days he was idle. 
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Let X = the number of working days, 

y = the number of idle days. 

Then, 24x = what he earned, 

and, 12y = what he paid for his board. 

Then, by the conditions of the question, we have, 

a; + y = 48, 
and, 2405 — 12y = 604. 

This is the statement of the problem. 

It has already been shown (Art. 102, Ax. 8), that the two 
members of an equation may be multiplied by the same num- 
ber, without destroying the equality. Let, then, the first 
equation be multiplied by 24, the coefficient of a; in the 
second ; we shall then have, 

24a; + 24y = 1152 
24a5 — 12y = 604 

and by subtracting, 36y = 648 

648 
••• y = -36 = ''' 

Substituting this value of y in the equation, 

2435 — 12y = 604, we have, 24a5 — 216 = 604; 

which gives, 

24» ^ 604 + 216 = 720, and a5 = — = 30. 

VERIFICATION. 

a; + y = 48 gives 30 + 18 = 48, 

24a — 12y = 604 gives 24 X 30 — 12 X 18 = 604. 



i'S-k 
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113. Ill a similar manner, either unknowTi quantity may 
be eliminated from either equation ; hence, the following 



BULB. 



I. Prepare the eqiuitiofis so that the coefficients of the 
quantity to he eliminated shaU be numerically eqiuil: 

II. If the signs are unlike^ add the equatiofis^ member 
to member ; if alike^ subtract thern^ member from member. 



EXAMPLES. 



Find the values of x and y, by addition or subtraction, 
in the follo^dng simultaneous equations : 



5 (3^,- y = 3) 
( y + 2x =z IS 

g Uaj - 7y = - 22 ) 
' ( 5a! + 2y = 37 J 

^ I 2a! + 6y = 42 ) 
' ( 82! - 6y = 3 ) 

8 j 8x - 9y = 1 ) 
( 6aj - 3y = 4x) 

^ (Uaj - 15y = 12 ) 
( 1x '\- 8y = 37 ) 



10. < 



U.{ 



1 1 

X- y = - 2j 



Ans. a; = 2, y = 3. 
Ans, 05 = 6, y = 6. 
Ans. a; = 4J, y = 6J. 
Ans. SB = J, y = h 
Ans. SB = 3, y = 2. 

Ans. ^ SB = 6, y = 9. 
4n5. < a; = 14, y = 16. 



118. What is the nile fo^ elimination by additive or 3ubtrac«:ioQ F 
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12. Says A to ^, yon give me $40 of ;your money; and 
I shall then have five times as much as you will have left. 
Now they both had $120 : how much had each ? 

Am. Each had $60. 

13. A father says to his son, " twenty years ago, my age 
was four times yours ; now it is just double : " what were 
their ages ? a \ Father's, 60 years. 

' ( Son's, 30 years. 

14. A father divided his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spent $600, and the 
younger made $2000, when it appeared that the younger had 
JQSt double the elder: what had each from the father? 

^ j Elder, $4000. 
^*' ( Younger, $2000. 

15. If John give Charles 15 apples, they will have the 
same number; but if Charles give 16 to John, John will 
have 16 -times as many, wanting 10, as Charles will have left. 
How many has each ? . j John, 60. 



Ans. 



\ 



Charles, 20. 

16. Two clerks, A and -B, have salaries which are together 
equal to $900. A spends ^^ per year of what he receives, 
and JB adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each ? 

{A'3 = $600. 
^''^•(£'a = $400. 

JEUmination hy Substitution, 

114. Let us again take the equations, 

6a5 + 7y = 43, ( 1.) 

llaj + 9y = 69. { 2.) 

114. Gire the rule for elimination by substltutioii. When is thia method 
med to the freAtoit adranti^o ? 
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Find the value of » in the first equation, which givet, 

43 -7y 
« = — 6 

Substitute this value of a; in the second equation, and we 
have, 



43 — 1y 

11 X —^ + 9y = 69 

o 



or, 473 — 77y + 45y = 345 ; 

or, — 32y = — 128. 

Here, a: has been eliminated by substitution. 

In a similar manner, we can eliminate any unknown quan- 
tity ; hence, the 

BULK. 

L JFlnd from either equation the value of the unknown 
quaritity to be eliminated: 

n. Substitute this value for that quantity in the other 
equation, 

Note.— This method of elimination is used to great advan- 
tage when the coefficient of either of the unknown quantities 
is 1. 

EXAMPLES. 

Find, by the last method, the values of x and y in the 
following equations : 

1. 305 — y = 1, and 3y — 2a; = 4. 

Ans. SB = 1, y r= 2. 

2. 5y — 4a5 = — 22, and 3y -f 4a; = 38. 

^Ans. a; = 8, y = 2. 

8. as + 8y = 18, and y — 3a; = — 29. 

Ans. a; = 10, y = L 
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2 
4. 6a! - y = 13, and 835 + -y = 29. 



Ans. a; = 3^, y = 4J. 



5. lOaj - f = 69, and lOy - ^ = 49. 
6 7 



Ans. aj = 7, y = 6. 



•• «+i'«-f = !«' ^^ 1 + ^ = 2- 

-4w5. aj = 8, y = 10. 
ui7i5. a; = 16, y = 14. 

^7W. a; = 3J, y r= 4. 

9. ?^ - - 4- 6 = 6, and ~ ~ ii = o. 
8 4 ^ «> «^^ 12 16 

Ans. aj = 12, y = 16. 

10. z - ^ — 1 = - 9, and 6aj — ^ = 29. 

7 2 ' 49 

Ans. aj = 6, y z= *j. 

11. Two misers, -4 and -B, sit down to count over their 
money. They both have $20000, and jB has three times as 
much as A : how much has each ? , j Si^noo 

^"^^ IjbUisooo! 

12. A person has two purses. If he puts $7 into the first, 
the whole is worth three times as much as the second purse : 
but if he puts 17 into the second, the whole is worth five 
times as much as the first: uhat is the value of each purse? 

Ans. 1st, $2 ; 2d, $3. 
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13. Two numbers have the follo^ving properties: if the 
first be multiplied by C, the product wilL be equal to the 
second multiplied by 5 ; and 1 subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers? Ans. 6 and 6. 

14. Find two numbers with the following properties : the 
fiist increased by 2 is 3 j^ times as great as the second; 
and the second increased by 4 gives a number equal to half 
the first : what are the numbers ? Ans. 24 and 8. 

16. A fiither says to his son, " twelve years ago, I was 
twice as old as you are now: four times your age at that 
time, plus twelve years, will express my age twelve years 
hence : " what were their ages ? 

Father, 12 years. 



Ans, 1 c. 

Son, 30 



Elimination by Comparison. 

115. Take the same equations, 

6a5 + 7y = 43 
11a; + 9y = 69. 

Finding the value of x from the first equation, we have, 
43 - ny 

and finding the value of x from the second, we obtain, 

69 — 9y 

X = • 

11 

116. Give the rule for eliminati3n by compftvlson. 



ELIMINATIOK. 139 

Let these two values of x be placed equal to each other, 
and we have, 

43 — 7y _ 69 — 9y 
6 ~ 11 * 

Or, 473 — 77y = 345 - 45y ; 

or, — 32y = — 128. 

Uence, y = 4. 

A J 69 — 36 ^ 

And, X = — — — = 3. 

This method of elimination is called the method by com' 
parisoriy for which we have the following 

BULE. 

I. Find^ from each equation^ tJie value of tlie same 
unknovm quantity to he eliminated: 
n. JPlace these values equal to each other. 

EXAMPLES. 

Find, by the last rule, the values of x and y, from the 
following equations, 

1. 3a; + I + 6 = 42, and y - g = 14J. 

Ans, 05 = 11, y = 15, 

2. ^^^ + 5 .= 6, and | + 4 = ^ + 6. 

Ans. 05 = 28, y = 20. 

V x 22 
8. ^ - 4 + -g" = ^' ^^ 3y - 05 = 6. 

Ans. 05 = 9, y = 5. 

i. y - 3 = ?a; f 5, and ^-J^ = y - 3J. 

Ans. 05 = 2, y = 9i 
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•• S^ + I = y - 2, and I + I = a: - 13. 

A91S. SB = 16, y = 7 

e. ?i±^ + l^=-„_|, and« + y = 16. 

uin«. 05 = 10, y = 6 

^715. aj = 1, y = 8. 

8. 2y + 305 = y + 43, j/ =— = y — -• 

Ans. a; = 10, y = 13. 

9. 4y — ^ ~" ^ = a; 4- 18, and 27 — y = a; -f y 4- 4. 

Ans, a; = 9, y z= 1, 

10. i_JL^+4 = y-16|, |-2 = |- 

^«^. aj = 10, y = 20. 

116. Having explained the principal methods of elimina- 
tion, we shall add a few exam])]es wliicli may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all, even in the same example. 

GENERAL EXAMPLES. 

Fmd the values of x and y in the following simultaneous 
equations : 

1. 2a! 4- 3y = 16, and 3aj — 2y = 1].- 

An^. as = 5, y = 2, 



ELIMINATIOlf. 



Ul 



6^4 20' 4^6 120 



8. I + 7y = 99, and ^ + 1x = 61. 

^715. 05 = 7, y = 14. 



6. K 



.ia - y + 4iy = 12J J 



^n<. as = 60, y = 40. 

r 
05 = 6. 



-4w5. " 



-4n«. •< 



7. -^ 



8M 



3y •- 35 2a5 - y _ 

6 "^ 4 "" 

8 -- 2a5 

6a5-y + — -— = 43i 



y = 8. 

05 = 6. 

Ly = 3. 

05 = 9. 



Ans. -« 



805 — 8 V — 6 
805 - 3 — 



5 

6 - y 
3 

- 5 



9. 



r4fl5 — 4 y — 5 
-3 4- 



= ?9 

+ 6 = 12| 



i« - 4y + ^^ = f 



1- Am. 



Ans. 



y = 8. 

a; = 10, 
y=12. 

a; = 6. 
y-6. 
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c -}- ab — bd 

X = 

Ans, 



ax — by z= c 
a — y 4- « = ^ 



y == 



a^b 
d^ + c — ad 



a — b 



= -12. 
50. 



jj (13a. + 7y-341 = 7iy + 43ia.) ^Sx = 
\ 2x+iy = l ) ^ '(y=. 

12 i(«+6)(y+7) = (x+l)(y-9)+112) . ( a^ = 3. 



13. 



14. 



15. < 



16. i 



ax = by 
x + y = c 

ax + by = c 
fx +gy = h 



Ans, 



X = 



y = 



-4w«. " 



a; = 



Ans. 



b + y Sa + X 
ax + 2by = d 

box = cy — 2b 



* y + -^^— r — - = f- ^^ 

00 c 



X = 



y = 



5c 

a-\-b' 

ac 

'a+l>' 

eg — bh 
ag - */ 
^ah — cf 
y - ag-bf 

25^ — 6a^ + <f 

3a 
3a2 — 52 + J 



r8. + 5«=.(^4^i^^ 



17. 



J2_y-2 



y — aj = 



_ -_2^» 



j2_/a 



Ans. 



Ans. 



a 

'" = 33- 



a + 2* 



y = - 



V = — =^ — • 
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PROBLEMS. 

1. What fraction is that, to the numerator of which if 1 

be added, the value will be - , but if 1 be added to itt 

1 
denominator, the value will be 7 ? 

X 

Let the fraction be denoted by - • 

y 

Then, by the conditions, 

aj -f 1 1 3 X 1 

= — . and. := - • 

y 3* "^ ' y + 1 4 

whence, Sjb + 3 = y, and 4a5 = y +!• 

Therefore, by subtracting, 

X —3 = 1, and aj = 4. 

Hence, 12 + 3 = y; 

.•. y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others at 3 for a penny ; and 
having sold them all together, at the rate of 6 for 26?, found 
that she had lost 4d: how many of both kinds did she buy ? 

Let 2x denote the whole number of eggs. 

Then, x = the number of eggs of each sort. 

Then will, -x = the cost of the first sort, 

and, rOJ = the cost of the second sort. 

But, by the conditions of the question, 

6 : 235 :: 2 : —-; 
5 

4jc 
hence, ~ will denote the amount for which the egg? 

were sold. 
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But, by the conditions, 

therefore, 15a5 + 1005 — 24a; = 120; 

.'. a = 120 ; the number of eggs of each sort. 

8. A person possessed a capital of 30,000 dollars, for 
which he received a certain interest ; but he owed the sura 
of 20,000 dollars, for which he paid a certain annual interest. 
The interest that he received exceeded that which he paid 
by 800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates; 
but he owed 24,000 dollars, for which he paid interest at the 
first of the above rates. The interest that he received, an- 
nually, exceeded that which he paid, by 310 dollars. Re- 
quired the two rates of interest. 

Let X denote the number of units in the first rate of 
interest, and y the unit in the second rate. Then each may 
be regarded as denoting the interest on $100 for 1 year. 

To obtain the intef est of $30,000 at the first rate, denoted 
by «, we form the proportion, 

30,000a; 
100 : 30,000 :: X : — -f^T^j or 300a^ 

And for the interest of $20,000, the rate being y, 

100 : 20,000 :: y : ^^^, or 200y. 

But, by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a; — 200y = 800 
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By expressing, algebraically, the second condition of the 
problem, we obtain a second equation, 

360y — 240a; = 310. 

Both members of the first equation being divisible by 100, 
and those of the second by 10, we have, 

3a; — 2y = 8, 35y — 24a; = 31. 

To eliminate a;, multiply the first equation by 8, and then 
add the result to the second ; there results, 

19y = 95, whence, y = 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes, 

3a; — 10 = 8, whence, a; = 6. 

Therefore, the first rate is 6 per cent, and the second 6. 

VEEinCATION. 

$30,000, at 6 per cent, gives 30,000 X .06 = $1800. 
$20,000, 6 " " 20,000 X .06 = $1000. 

And we have, 1800 — 1000 = 800. 

The second condition can'be verified in the same manner. 

4. What two numbers ai-e those, whose difference is 7, 
and sum 33 ? Am. 13 and 20. 

6. Divide the number 75 into two such parts, that three 
imes the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 
6. In a mixture of wine and cider, l of the whole plus 25 
g^ons was wine, and i part minus 5 gallons was cider : how 
maay gallons were there of each ? 

Ans. 86 of wine, and 35 of cider, 
1 
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7. A bill of £120 was paid in guineas and moidores, and 
the number of pieces used, of both sorts, was just 100. If 
the guinea be estimated at 21 5, and the moidore at 27*, how 
many pieces were there of each sort ? Ans. 60. 

8. Two travelers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
travels 8 miles a day, and the other 7 : in what time wiD 
they meet? Atis. In 10 days. 

9. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ? 

Atis. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
makes their joint value double that of the second horse; 
but if it be put on the back of the second, it makes their 
joint value triple that of the first : what is the value of each 
horse ? Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly to- 
gether at 12 o'clock : when will they be again together? 

Ans. Ih. 5|^ym« 

12. A man and his wife usually drank out a cask of beer 
in 1 2 days ; but when the man was fi'om home, it lasted the 
woman 30 days : how many days would the man alone be 
in drinking it ? Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, how 
much fresh water must be added to these 32 pounds, in order 
that the quantity of salt contained in 32 pounds of the new 
mixture shall be reduced to 2 ounces, or | of a pound ? 

Ana. 224 lbs. 

1 4. A person who possessed 1 00,000^ dollars, placed the 
greater part of it out at 5 per cent interest, and the other 
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at 4 per cent. The interest which he received for the whole, 
amounted to 4640 dollars. Required the two parts. 

A71S. $64,000 and $30,000. 

15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of tlie votes of 
the unsuccessful candidate been also given to him, he would 
have i-eceived three times as many as his competitor, want- 
ing three thousand five hundred : how many votes did each 
receive? . j 1st, 6500. 

^'''' I 2d, 5000. 

16. A gentleman bought a gold and a silver watch, and a 
chain worth $25. When he put the chain on the gold watch* 
it and the chain became worth three and a half times more 
than the silver watch ; but when he put the chain on the 
silver watch, they became worth one-half the gold watch 
and 15 dollars over : what was the value of each watch ? 

. j Gold watch, $80. 
^'^' (Silver " $30. 

17. There is a certain number expressed by two figures, 
which 'figures are called digits. The sum of the digits is 11, 
and if 13 be added to the first digit the sum will be three 
times the second : what is the number ? Ans. 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire; there are then letl two gentlemen to each lady. 
After which 45 gentlemen dejtart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? A \ ^^ gf^ntlemen. 

^ * ( 40 ladies. 

1 9. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at' $2 each, he will lose $80 on his 
horse ; but if he sells them at $3 each, he will receive $30 
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more than his horse cost him. What is the value of the 
horse, and number of tickets? . (Horse, $150. 

I No. of tickets, 60. 

20. A person purchases a lot ot wheat at $1, and a lot of 
rye at 75 cents per bushel ; the whole costing him $117.50. 
He then sells J of his wheat and J of his rye at the same rate, 
and realizes $27.50. How much did he buy of each ? 

80 bush, of wheat. 
50 bush, of rye. 

21. There are 62 pieces of money in each of two bags. A 
takes from one, and B from the other. A takes twice as 
much as B left, and B takes 7 times as much as A left. 
How much ^d each take ? . i ^1, 48 pieces. 

( yy, 28 pieces. 

22. Two persons, A and J?, purchase a house together, 
worth 11200. Says A to B^ give me two-thirds of your 
money and I can purchase it alone ; but, says B to A^if 
you will give me three-fourths of your money I shall be able 
to purchase it alone. How much had each ? 

Ans. A^ $800 ; -B, $600. 

23. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture will be worth 785. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79*. a dozen. What is the price of each liquor per 
dozen? Ans. Sherry, 81s.; brandy, 72«. 

Equations containing three or more unknown quantities, 

IIT. Let us noTi consider equations involving three or 
more unknown quantities. 
Take the group of simultaneous equations, 

il7. Give the rule for solving any group of simultaneous equations f 
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6a; - 6y + 42 = 16, . . (1.) 

1x -\- 4y — Sz = 19, . . (2.) 

2a; -f y H- 6a == 46. ... (3.) 

To eliminate z by means of the first two equations, multi- 
ply the first by 3, and the second by 4 ; then, since the 
coefficients of z have contrary signs, add the two results 
together. This gives a new equation : / 

43a; - 2y = 121 (4.) 

Multiplying the second equation by 2 (a factor of the 
coefficient of 2 in the thu-d equation), and adding the result 
to the third equation, we have, 

16a;+ 9y = 84 . . . . . (6.) 

The question is then reduced to finding the values of x 
and y, which will satisfy the new Equations (4) and (5). 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find, 

419a; = 1267 ; whence, as = 3. 

We might, by means of Equations ( 4 ) and ( 5 ) deter- 
mine y in the same way that we have determined x ; but 
the value of y may be determined more simply, by substi- 
tuting the value of a; in Equation ( 6 ) ; thus, 

48 + 9y = 84. .-. y = ^^-^ = 4. 

In the same manner, the first of the three given equations 
becomes, by substituting the values of x and y, 

15 _ 24 + 42 = 15. ..-. z =z ^ =z 6. 

4 

I ' • ' ■ " • ' 

In the same way, any' group of. smultaneous equations 

may be solved Hence, the 
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RULE. 

1. Gov thine otie equatiof* of the (jroup with each of the 
other,% hy eliminating one unknown ijmnUity ; there will 
remdt a new yroap coniaiiumj one etiuaiion less than t/ie 
orif/i?iftl gnntp : 

II. Combine one equation of (his new group with each 
of the others^ hy eliminating a second unknown quantity ; 
there will result a new group containing two equations less 
than the original group : 

III. Continue the operation until a single equation i$ 
fonndy contiiining hut one unknow7i quantity : 

IV. Find the value of this unknowri quantity hy the 
preceding rules y suhstitute this in one of the group of 
two equations^ and find tlte value of a seopnd unknown 
quantity ; suhstitute these in either of the group of three^ 
finding a third unknown quantity ; and so on^ tiU tlie- 
values of all are found. 

Notes. — 1. In order that the value of the unkno^^-n quan- 
tities may be determined, there must be just as many inde- 
pendent equations of condition as there are unknown quan- 
tities. If there are fewer equations than unknown quantities, 
the resulting equation will contain at least two unknown 
quantities, and hence, their values cannot be found (Art. 110). 
If there are more equations than unkno^\^l quantities, the 
conditions may be contradictory, and the equations impossible. 

2. It often happens that each of the proposed equations 
does not contain all the unknown quantities. In this case, 
with a little address, the elimination is very quickly per- 
formed. 

Take the four equations involving four unknown quanti- 
tiris : 

2aj — 3y + 2z = 13. (1.) 4y + 2z = 14. (3.) 

4m — 205 == 30. (2.) 6y -f 3w = 32. (4.) 
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By inspecting these equations, we see that the elimination 
of z in the two Equations, ( 1 ) and ( 3 ), will give an equa- 
tion involving x and y; and if we eliminate u in Equar 
tions (2) and (4), we shall obtain a second equation, in- 
voK'ing X and y. These last two unknown quantities may 
therefore be easily determined. In the first place, the 
elimination of z from ( 1 ) and ( 3 ) gives, 

1y '-'2X z=z 1 ; 

That of w from (2) and (4) gives, 

20y + 6a5 = 88. 

Multiplying the first of these equations by 8, and adding, 

41y = 41 ; 
Wlience, y = 1. 

Substituting this value in 7y — 2x = 1, we find, 

JB = 3. 
Substituting for x its value in Equation ( 2 ), it becomeb 



Whence, 



4w - 6 = 30. 
w = 9. 



And- substituting for y its value in Equation (8), there 
results, 



1, Given ■" 



EXAMPLES. 

« + y + 2 = 29 
05 + 2y + 3s r= 62 

S« + o^ + I^ = 10 



8'^ 



to find a^ y, and 2. 



Ans. 05 = 8, y = 9, s = 12. 
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{2a; + 4y — 32 = 22 1 
4a; — 2y 4- 5z = 18 I to find aj, y, and a 
6a; H- 7y — 2 = 63 J 

Arts, a; = 3, y = Y, 2 = 4, 



8. Given 



« + ^y + ^ = 32 
la, + Jy + ^a = 16 

L S* + B^' + r = ^'^ 



»• to find aj, y, and 2. 



-^TW, a; = 12, y = 20, 2 = 30. 

ra; + y + 2 = 29J^ 

4. Given -^ a; -f y — 2 = 18J V to find as, y, and 2, 

la;-y-f2=135j 

Ans, aj = 16, y = 7^, 2 = 5^ 

r 3a5 + 5y = 161 ^ 

5. Given -{ 7a; + 22 = 209 \ to find aj, y, and 2. 
2y -f 2 = 89 J 

Ans. a; = 17, y = 22, 2*=r 45. 



6. Given 



to find a;, y, and 2. 



n 1 

- -h - = a 
aj y 

a; 2 

1 + 1 = . 

y 2 
_ 2 __ 2_ __ 2 

Note. — ^In this example we should not proceed to clear 
♦be equation of fractions; but subtract immediately the 
s«*cond equation from the first, and then add the third : we 
thus find the value of y. 
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PROBLEMS. 

1. Divide the nnniher 90 into four such parts, that the 
fiist increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. 

This problem may be easily solved by introducing a new 
unknown quantity. 

Let a, y, z, and w, denote the required parts, and desig- 
nate by m the several equal quantities which arise from the 
conditions. We shall then have, 

u 

a + 2 = m, 2/ — 2 = m, 2s = m, - = m. 

From which we find, 

m 
X = m — 2^ y = m-f2, 2f=— , w = 2m, 



And, by adding the equations, 



2 



m 

ic + y-hs-fw = m + m -^ — -{- 2m = 4Jm. 

And since, by the conditions of the problem, the first 
member is equal to 90, we have, 

41m = 90, or fm = 90; 

hence, m = 20. 

Having the value of m, we easily find the other values ; 
viz.: 

a = 18, y = 22, z = 10, u = 40. 

2. There are three ingots, composed of different metals 
mixed together. A pound of the first contains 1 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third .contains 4 ounces 
of silver, 7 ounces of copper, and 5 of pewter. It is required 
7* 
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lo find how nincli it will take of onch of the three ingots to 
form a fourlli, whicli shall contain hi a pound, 8 ounces of 
silver, 3 J of copper, and 4 J of pewter. 

Let Xy y, and z, denote the number of ounces which it 
»8 necessary to take from the three ingots respectively, in 
order to form a pound of the required ingot. Since there 
are 7 ounces of silver in a pound, or 16 ounces, of the first 
ingot, it follows that one ounce of it contains ^ of an ounce 
of silver, and, consequently, in a number of ounces denoted 

by ^, there is — ounces of silver. In the same manner, 
•^ ' 16 ' 

12v 4z 

we find that, - , and — , denote the number of ounces 

of silver taken from the second and third ; but, from the 
enunciation, one pound of tlie fourth ingot contains 8 ounces 
of silver. We have, then, for the first equation, 

!? + L2y + l^ = 8; 
16 ^ 16 16 ' 

or, dealing fractions, 

1x + 12y + 42 = 128. 

As respects the copper, we should find, 

305 + 3y + 72 = 60 ; 

and with reference to the pewter, 

6iB -f y + 52 = 68. 

As the coeflficients of y in these three equations are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting tlie 
first from it, member from member, we have, 

5x 4- 242 = lia. 
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Multiplying the third equation by 3, and subtracting the 
second fi'om the resulting equation, we have, 

1535 + 82 = 144. 

Multiplying this hist equation by 3, and subtracting the 
preceding one, we obtain, 

40aj = 320; 
whence, aj = 8. 

Substitute this value for x in the equation, 

1535 + 825 = 144; 
it becomes, 120 + 82 = 144, 

whence, 2 = 3. 

Lastly, the two values, aj = 8, 2 = 3, being substituted 
in the equation, 

6as + y + 62 = 68, 
give, 48 + y + 15 = 68^ 

whence, y = 6. 

Therefore, in order to form a poimd of the fourth ingot, 
we must take 8 ounces of the first, 6 ounces of the second, 
and 3 of the third. 

VERIFICATION. 

If there be 7 ounces of silver in 16 ounciBS of the first 
ingot, in eight ounces of it there should bo a number of 
ounces of silver expressed by 

7X8 

16 
In like manner, 

12 X 5 ,4X8 

• and . 

16 * 16 * 

Will express the quantity of silver contained in 6 ounces of 
the second ingot, and 3 ounces of the third. 
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Now, we have, 

7x8 12 X 5 4X3 _ 128 _ 
16 ■*" 16 "^16 "■ 16 "" * 

therefore, a pound of the fourth ingot tjontains 8 ounces of 
silver, as requiied by the enunciation. The same conditioni 
may be verified with respect to the copper and pewter. 

3. A^8 age is double J^Sy and J^s is triple of C7'«, and the 
sum of all their ages is 140 : what is the age of each ? 

Ans. A's = 84 ; JS's = 42 ; and C'a = 14. 

4. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the cost of the horse and harness : what did 
he give for each? T £13 65. Sd, for the horse. 

Ans, \ £6 135. 4c?. for thefiamess. 
( £40 for the chaise. 

5. Divide the number 36 into three such parts that ^ of 
the first, i of the second, and | of the thii-d, may be all 
equal to each other. A9is. 8, 12, and 16. 

6. If -4 and £ together can do a piece of work in 8 days, 
A and G together in 9 days, and £ and C in ten days, how 
many days would it take each to perform the same work 
alone? Ans. A, 14JJ; JS, 17f ? ; (7, 235V 

7. Three persons, -4, ^, and Cy begin to play together, 
liaAong among them all $600. At the end of tlie first game 
A has won one-half of JB^s money, which, added to his own, 
makes double the amount JB had at first. In the second 
game, A -loses and JS wins just as much as O had at the be- 
ginning, when A leaves off with exactly what he had at first : 
how much had each at the beginning ? 

Ans. A, $300 ; B, $200 ; $100. 

8. Three persons, A^ jB, and (7, together possess $3640, 
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If B gives A $400 of his money, .then A will have $320 
^ more than B\ but if B takes $140 of C^s money, then B 
and C will have equal sums : how much has each ? 

Ans. Ay $800 ; B, $1280; (7, $1660. 

9. Three persons have a bill to pay, which neither alone 
is able to discharge. A says to B^ " Give me the 4th of 
your money, and then I can pay the bill." B says to C, 
" Give me the 8th of yours, and I can pay it." But C says 
to A, " You must give me the half of yours before I can 
pay it, as I have but $8 " : what was the amount of their 
bill, and how much money had A and B ? 

j Amount of the bill, $13. 
•(^ had $10, and J? $12. 

10. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first, and who put out his capital 
1 per cent, more advantageously, had an annual income 

- greater by 800 dollars. A third person, who possessed 
15000 dollars more than the first, putting out his capital 2 
per cent, more advantageously, had an annual income greater 
by 1500 dollars. Required, the capitals of the three per- 
sons, and the rates of interest. 

j Sums at interest, $30000, $40000, $45000. 
•(Rates of interest, 4' 6 6 pr. ct. 

11. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
moie than all the children together : what was her share, 
and what the share of each cliild ? 

( The widow-'s share, $8000 

Ans. \ Eaeh son's, $2000 

' Each daughter's, $1000 
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12. A coiiain sain of-*money is to he divided betwcm 
throe persons, A^ J?, and C. A is to receive $3000 less 
tlian l.alf of it, B 81000 less than one-third part, and C to 
receive $800 more than the fourth part of the whole : what 
b the sum to be divided, and what does each receive ? 

iSum, $38400. 

A receives $16200. 
i? " $11800. 
G " $10400. 

13. A person has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
will make his value equal to that of the second and third ; 
if it be put on the back of the second, it will make his value 
double that of the first and thii*d ; if it be put on the back 
of the third, it will make his value triple that of the first 
and second : what is the value of each horse ? 

Am. 1st, $20; 2d, $100; 3d, $140. 

14. Tlie crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gethei. But after an engagement, in which the slain were 
one-fourth of the sui-vivors, there wanted 6 men to make 
13 men to every two guns: required, the number of guns, 
soldiers and sailors. 

Ans, 90 guns, 55 soldiers, and 670 sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A^ who has the 
most, gives to Ji and C as much as they have already ; then 
B divides with A and in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them • C then makes a division with A and j5, when it is 
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fbiind that they aL have equal sums: howm.ich had each 
at first? Ans. 1st, $52 ; 2d, $28 ; 3d, $16. 

16. Di\ide the number a into tliree such parts, that the 
first shall be to the second as m to n, and the second to tho 
third as pto q. 

___ amp _ anp __ a nq 

"" mp-\-np-\-nq^ ^ ~ mp-\-np-\-nq^ ~ mp'^np'\-nq 

17. Three masons, A^ B^ and (7, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and C in 15 days : in what time can each do it alone, 
and in what time can they all do it if they work together ? 

Ati8, -4, in 20 days; J?, in 30 ; and C^, m 60; all, in 10. 
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CHAPTER VI. 



FORMATION OP P0WEB8 



11§. A Power of a quantity is the product oblamed by 
taking that quantity any number of times as a factor. 

Kthe quantity be taken once as a factor, we have the firsf 
power ; if taken twice, we have the second power ; if three 
times, the third power; if n times, the w"^ power, n being 
any whole number whatever. 

A power is indicated by means of the exponential sign 
thus, 

a = a^ denotes first power of a.* 
axa = a^ " square, or 2d power of a. 

axaxa = a^ " cube, or third power of a. 

axaxaxa = a^ " fourth power of a. 

axaxaxaxa = a^ " fifth power of a. 

axaxaxa.'... = a^ " tw** power of a. 

In every power there are three things to be considered : 

1st. The quantity which enters as a fiictor, and which is 
called the first power, 

2d. The small figure which is placed at the right, and 
a little above the letter, is called the exponent of the 

• Since «• = 1 (Art. 49), a*^ a = 1 X a = o* ; so that the two 
factors of a*, are 1 and a. 

118. What is a power of a quantity? What is the power when the 
quantity is taken once as a factor ? When taken twice ? Three times ? 
n times? How is a power indicated ? In every power, how m'vny thingf 
are considered ? Name them. 
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power, find shows how many times the letter enters as a 
fiictor. 

3d. The ]>ower itself, which is the final product, or result 
of the multiplications. 

POWERS OF MONOMIALS. 

J 10« Let it be required to raise the monomial 2a^h^ to 
the fourth power. We have, 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

from which we see, 

Ist. That the coefficient 2 must be raised to the 4th 
power; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning applies to every example, we have, 
for the raising of monomials to any power, the following 

I. liaise the coefficient to the required power : 
n. Mvltiply the exponent of each letter by the exponent 
of the power. 

EXAMPLES. 

1. What is the square of Sa'^y^? Ans, 9n^y^ 

119. What is the rule for raising a monomial to any power? When 
the monomial is positive, what will be the sign of its powers ? When 
negative, what powrrs will be plus^ what minus? 
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2. What is the cube of Ga^t/^x? Ans. 216«^V^- 

3. AVhat is the fourth power of 2a^7/^d- ? IQa^-t/^'^b^^ 

4. What is the square of a^b^i/^ ? Ans, a^b^^y^, 

5. What is the seventh power of a^bcd^? 

Ans. a^^b'^c'd^^ 

6. What is the sixth power of a^b^c^d? 

Ans. a^W^c^^d\ 

7. What is the square and cube of — 2a^b^? 

Square. Cube. 

— 2a^l^ — 2a^b^ 

— 2a^^ - 2a^b^ 



+ 4a*b*. + A.a^b'' 

- 2a''b^ 



— 8a«5«. 



By observing the way m which the powers are formed, 
we may conclude, 

1st. When the monomial is positive^ all the powers will 
be positive. 

2d. Wh^ii the monomial is negative^ all evenpoicers will 
be positive^ and all odd will be negative. 

8. What is the square of — 2a*b^ ? Ans. 4a^^^. 

9. Wliat is the cube of — 6a»^2y ji^g^ _ 125a^*b\ 

10. What is the eighth power of —a^xip' ? 

Ans. + a^^^y^\ 
11 What 4s the seventh power of — a'^b'^c? 

Ans. — a'^'"b'*c\ 

12. Whpt is the sixth power of 2ab^y^ ? 

Am. Ua^b^y^. 



POWERS OF FJlAOTIONg. 168 

13. What is the ninth power of — a'^hc'' ?* 

An8. — a^*h^c^\ 

14. TVTiat is the sixth power of — ^ah'^d'i 

Ana. I2^a^¥^d^ 

15. What is the square of — 10a"*J*c^ ? 

Ana. lOOa?"'^^!!^^^ 

16. What is the cube of — 9a«3«c?y« ? 

Ans. — Y29a3«*3"(fy«. 

17. What is the fourth power of — 4a*6V^* ? 

Ans. 2bQa^%^H^^d^ 

18. What is the cube of — 4d^b^''c^d? 

Ans. — 64a6"2»«»c«f?* 

19. What is the fifth power of 2a^b^x^ ? 

A71S. S2a^^b^^x^t/K 

20. What is the square of 20ic»y'"c*? Ans. 400a;2»y2ingio^ 

21. Wliat is the fourth power of Sa'^b'^^'c^? 

Ans. 8Wb^*c^\ 

22. What is the fifth power of — C'd^'^x^r/- ? 

Ans. — c^^cZ^'^B^o^i®. 

23. Wliat is the sixth power of -— a^b^'^if^ ? 

Ans. a^"J'2n^flm^ 

24. What is the fourth power of — 2a^c^d'\ 

Ans. 16aVf?»2, 

POWERS OF FRACTIONS. 

l^O. From the definition of a power, and the rule for 
the multiplication of fractions, the cube of the fraction ^, ia 
written, 

b ^'b "■ b'' 

laO. What is the rule for raising a fraction to any power f 



(ay a 
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and since any fraction raised to any power, may be written 
under the same form, we find any power of a fi-action by 
the following 

BULB. 

JRaise the numerator to the required power for a new 
numerator^ and the denominator to the required power for 
a new denominator. 

The rule for signs is the same as in the last article. 

BXAMPLBS 

Find the powers of the following fractions : 



— «\a 



( 



iaxy^Y 



Ans, 



a* — 2ac + c» 



62 -f- 26c -f- c2 



4. 



\ 36c2 
3yV' 



Ans. 
Ans, 
Ans, 



2Wc^ 



Ans. — 
Ans, 



16a*6* 

4a^a^y^ 
~96V" 

d^ 

2ly^ 

a^x^y^ 



86326 



1. 



Ans. ■zrrrfT-T 



8. Fourth power of 



9. Cube of 



al>^c 
2a;2y2 



Ans. 



1668aj* 



X ^ y 



Ans. 



aj3 






«3 + Sa;2y -j. 3xy2 + y» 



POWKKfJ OF BIirOMIALS. 165 

10. Fourth power of ; • Ans. ^^ ^^ ^^ • 

11. Fifth power of — r^r— — :* -4^*^« — :rT-r„-i:;* 

POWERS •OF BINOMIALS. 

121. A Binomial, like a monomial, may be raised to any 
poM'er by the process of continued multiplication. 

1. Find the fifth power of the binomial a -{- b, 

a + b 1st power, 

a + b 

a2+ ab 
+ ab + b^ 

a^ '{' 2ab -{- b^ 2d power. 

a + b 



a3 + 2a^b + ab^ 

+ a^b + 2ab^ -f b^ 
a^ + Sa^ + Sab^ + b^ .... 3d power. 

a + b 

a* + ^a^b + Sa^b^ + db^ 

+ a^b + Sgg&g + 3a53 + b*' 
a* -r 4a3^ + Qa^b^ + 4a53 4- b^ 4th power. 

g + 5 

gs + 4g45 + 6g3^2 ^ 4^2^3 4. ^^4 

+ a^b + 4a^b^ + Qa^b^ + 4gj^^ -|- S« 
g» + 5g^* + 10g3^>2 + lOg^ft^ + 5gJ* + 5« ^ns. 

121. How may a binomial be raised to any power? 

122. How does the number of multiplications compare with the ex- 
ponent of the power? If the exponent is 4, what is the number of 
multiplications ? How many when it is w ? How m.iny things are con- 
•idered in the raising of powers ? Name thonL 
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N(vrE. — 122. It will be observed lliat tbe number of 
multiplications is always 1 less than the units in the oxjio- 
nent of the power. Thus, if the exponent is 1, no muliiplj. 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, throe times, &c. The powers of polynomials 
may be expressed by means of an exponent. Thus, to 
express that a + b is to be raised to the 5th power, we 
write 

(a + by; 

if to the mth power, we write 

(a + ft)*. 

2. Find the 5 th power of the binomial a — ft. 

a — ft 1st power. 

a - ft 



d^ — aft 
- aft + 


ft» 

^ . • • • 




a' — 2«ft + ( 




a - ft 






a3 - 2a^ft + 
- a^b -f 


aft* 

2aft2 - ft3 




a3 - Sa^ft + 
a - ft 


3aft2 - ft3 . 


... 


a* — 3a3ft -f 
- a3ft + 


3a2ft2 _ aft' 
3a2ft2- 3£/ft3 


+ b* 


a* — 4a3ft + 
a -ft 


6a2ft2- 4«ft^ 


+ b* • 



3d power. 



4th powen 



a^ _ 4a4ft -f 6a3ft2 — 4a^^ + aft* 
— a*ft -f 4a3ft2 — 6a2ft2 + 4aft« — ft* 



oB — 6a*ft + 10a3ft2 — 10a2ft3 4- 6aft* — ft* Ans. 
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In the same way the higher powers may be obtained. By 
examining the powers of these binomials, it is plain that four 
things must be considered : 

1st. The number of temis of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The coefiicients of the terms. 

Let us see accordmg to what laws these are formed. 

Of the Terms. 

123. By examining the several multiplications, we shall 
observe that the first power of a binomial contains two terms; 
the second power, three terms ; the third power, four tenns ; 
the fourth power, five ; the fifth power, six, <fec. ; and hence 
we may conclude : 

That the number of terms in any power of a binomial^ 
is greater by one than tJie exponent of the power. 

Of the Signs of the Terms. 

124. It is evident that when both terms of the given 
binomial are plus, all the terms of the power will he plus. 

K the second tei-m of the binomial is negative, then all 
ths odd terms^ counted from the Uft^ will be poi>itive, and 
all the even tenns negative. 



123. How many terms does the first power of a binomial c<!atain? The 
secoud? The third? The nth power? 

124 If both terms of a binomial are positive, what will be the signs 
of the ^>erms of the power? If the second term is negative, how are tht 
signs of the terms ? 
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Of the Exponents, 

135. The letter which occupies the first place in a bino* 
mial, is called the leading letter. Thus, a is the leading 
letter in the binomials a 4- 6, and a — b. 

1st,. It is evident that the exponent of the leading letter 
in the first term, will be the same as the exponent of the 
powei"; and that this exponent will diminish by one in each 
term to the right, until we reach the last term, when it will 
be (Art. 49). 

2d. The exponent of the second letter is in the first 
terra, and increases by one in each term to the right, to tlie 
last term, when the exponent is the same as that of the given 
power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power.. This 
last remark will enable us to verify any result obtained by 

means of the binomial formula. 

« 

Let us now apply these principles in the two following 
examples, in which the coefficients are omitted : 

{a + bf . . . a« + a^b + a^J" + aW -f a^b^ + a^« -h b\ 
(a - *)« . . . a« - a^b + a^ft^ - a^W + a^b^ - a^* + b\ 

As the pupil should be practised in writing the terms with 
their proper signs, without the coefficients, we will add a 
few more examples. 

126. Which is the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms towards 
the right ? What is the exponent of the second letter in the second term ? 
How does it change in the terms towards the right ? What is it in th« 
last term ? What is the sum of the exoonents in any term equal to ? 
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1. (a + hy . . a'^+a^i-ab^ f b^ 

2. (a -by . . a^-a^b-{-d^b^— ab^ 4- ^*. 

3. (a + ^)* . . a^+a^b-\-aW-\-a^b^-{-ab'' + ^«. 

4. (a -by . . a'-a6^-|-a5^»2_^4^3^^354_^2^5^^f_^7^ 

0/* ^Ae Coefficients, 

120. The coefficient of the first term is 1. The coeffi 
cient of the second term is the same as the exponent of the 
given power. The coefficient of the third term is found by 
multiplying the coefficient of the second term by the expo- 
nent of the leading letter in that terai, and dividing the 
product by 2. And finally : 

If the coefficient of any term be multiplied by the eoepo- 
nent of the leading letter in that term^ a?id t/ie product 
divided by the number which tnarks the place of the term 
from the lefty the q-aotient will be the coefficient of t/ie 
next term. 

Thus, to find the coefficients in the example, 

{a-by . . . a'- a^b + a'b^- a'b^+ a^b^- a^b^ + ab^- b\ 

we first place the exponent 7 as a coefficient of the second 
term. Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient, 21, is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 6, and divide 
the product by 3 ; this gives 35. To find the coefficient of 
the fifth term, we multiply 35 by 4, and divide the product 
by 4 ; this gives 35. The coefficient of the sixth term, found 

126. What is the coefficient of the first term ? What is the coefficient 
of the second term ? How do you find the coefficient of the third term? 
How do yon find the coefficient of any term ? What are thfe coefficients 
"of the first and last terms? How are the coefficients of the exponents 
of any two terms equally distant from the two extremes? 
8 



170 ELKMKNTART ALGEBRA. 

in the same way, is 21 ; that of the seventh, 1 ; and that of 
the eighth, 1. Collecting these coefficients, 

(a - by = 

a' - la^b + 21a«*3-35a*63 + 35a^b^ — 2laW + lab* — 6\ 

NoTB. — We see, in examining this last result, that tht 
coefficients of the extreme terms are each 1, and that the 
coefficients of terms equally distant from the extreme terms 
are equal. It will, therefore, be sufficient to find the coeffi- 
cients of the first half of the terms, and from these th« 
others may be immediately wi'itten. 

EXAMPLES 

1. Find the fourth power of a -f- ^. 

Ans. a* + ^a^b 4- ^a^h^ + Aab^ + 6*. 

2. Find the fourth power of a — ft. 

Ans. a* — 4a3ft + Ga^ft^ - 4aft3 + ft*. 

8. Find the fifth power of a -|- ft. 

Ans. a* + 5a*ft + \OaW 4- lOa^ft^ + Soft* + ft*. 

4. Find the fiflih power of a — ft. 

Ans. a* - 6a*ft -f lOa^ft* — lOa^ft^ + 6aft* - ft*. 

5. Find the sixth power of a -f- ft. 

a« -f- ea^ft -f- 15a*ft2 + 20aW + 15a2ft* + 6aft« + ft«. 

Z. Find the sixth power of a — ft. 

a« — Qa^h + 15a*ft2 _ 20a3ft3 + \5a^h^ - 6aft* + ft«. 

127. When the terms of the binomial have coefficients, 
we may still write out any power of it by means of the 
Binomial Formula. 

^. Let it be required to find the cube of 2c + 3A . 
(a + ft)3 = as -h 3a25 4. zah^ ^ i\ 
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Here, 2c takes the place of a in the fonnula, and Sd the 
place of b. Hence, we have, 

{2c+Sdy = {2cY+3.{2cy.3d+S{2c){SdY+{Sd)^ . {1.) 

and hy performing the indicated operations, we have, 

(2c + Sdy = 8c3 + Zec^d + 54cd^ + 21d\ 

If we examine the second member of Equation ( 1 ), w€ 
see that each term is made up of three factors: 1st, the 
numerical factor ; 2d, some power of 2c ; and 3d, some 
power of Sd, The powers of 2c are arranged in descend- 
ing order towards the right, the last term involving the 
power of 2c or 1 ; the powers of Sd are arranged in ascend- 
ing order from the first term, where the power enters, to 
the last term. 

The operation of raising a binomial involving coefficients, 
is most readily effected by writing the three factors of each 
term in a vertical column, and then performing the multipli- 
cations as indicated below. 

Find, by this method, the cube of 2c -h 3c?. 







OPERATION. 








1 


+ 


8 


+ 


3 


+ 


1 


Coefficients. 


8c3 + 


4c2 


+ 


2c 


+ 


1 


Powers of 2c 


1 


+ 


Bd 


+ 


9d^ 


+ 21d^ 


Powers of Sd 



(2c + dy = 8c3 + SQc^d -f- 64c(?2 + 21d^ 

The preceding operation hardly requires explanation. In 
the first line, write the numerical coefficients coiTesponding 
to the particular power ; in the second line, write the de- 
scending powers of the leading term to the power ; in the 
third fine, write the ascending powers of the following term 
from the power upwards. It will be easiest to commence 
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the second line on the right hand. Tlie multiplication should 
be performed from above, downwards. 

8. Find the 4th power of 3a^ — 2bd. 

{a + by = a* + 4a^b + ea'b^ + 4ab^ + 6*. 

1+4 +6 +4 +1 

61aV+ 2la^c^ + 9aV + Sa^c + 1 
I ^ 2bd + U^d^ — BbhP -f 16b*d . 

BiaV — 2l6a^c^bd+ 2l6a^c^'^d^ -- 9Ga^cPd^ + I6b^d\* 

9. What is the cube of 3a; — 6y ? 

A^i8. 27a3 _ iQ2x^y + S24xi/^ — 216y», 

10. What is the fourth power of a — 3J? 

Ana. a* — 12a^b + 54:aW — lOSab^ + 81b\ 

11. What is the fifth power of c — 2d? 

Am. c* — lOc^d + 40€^d^ — SOc^d^ + SOcd^ — S2d\ 

12. What is the cube of 6a — 3(f ? 

Am. 125a3 — 225a^d + 135a(?2 - 2^1 



* This Ingenloos method of writing the developi :ent of a binomial It do* te 
I 4)feMor WiLLLUf O. ?sox, of CoiumbU College. 
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CHAPTER VH 

BQUA&B BOpT. BADICALS OF THB SBCOXD 
D B6BBB. 

128. Thb Square Root of a number is one of its two 
equal factors. Thus, 6 x 6 = 36 ; therefore, 6 is the square 
root of 36. 

The symbol foR the square root, is ^ , or the fractional 
exponent \ \ thus, 

r ^ 

^ya, or a , 

indicates the square root of a, or that one of the two equal 
factors of a is to be found. The operation of finding sucli 
factor is called, Extracting the Square Root, 

129. Any number which can be resolved into two equal 
integral fa^ctors^ is called a perfect square. 

The following Table, verified by actual multiplication, m 
dicates all the perfect squares between 1 and 100. 

TABLE. 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, squares. 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, roots. 

128. What is the square root of a number ? Wha is the operation of 
lladmg the equal factor called ? 

129. What is a perfect square ? How many perfect squares arc thert 
between 1 and 100, Incl-.ding both numbers ? What are they? 
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We may emi)loy tliis table for finding the square root of 
any perfect square between 1 and 100. 

IjOoIc for the tnimber in the first lin^ ; if it is found 
thercy its square root iciU be found immediately under it. 

If the given number is less than 100, and not a perfect 
Bquare, it will fall between two numbers of the ujpfper line^ and 
its square root loill befoimd between the two numbers directly 
below ; the lesser of the two will be the entire part of the 
root^ and will be the true root to withiii less than 1. 

Thus, if the given number is 65, it is found between the 
perfect squares 49 and 64, and its root is 7 and a decimal 
fraction. 

Note.— There are ten perfect squares between 1 and 100, 
if we include both numbers ; and eight, if We exclude both. 

If a number is greater than 100, its square root will be 
greater than 10, that is, it will contain tens and units. Let 
N denote such a number, x the tens of its square root, and 
y the units ; then "will, 

N = (aj + y)2 = aj^ ^ 2a^ + y2 = a.2 + {^x + y)y. 

That is, the number is equal to the square of the tens in its 
roots, plus twice the prodv^ct of the tens by the unitSy plus 
th^ square of the u?iits. 

EXAMPLE. 

1. Extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain more 60 84 

than one. But since it is less than 10000, which 
is the square of 100, the root will contain but two figures; 
that is» units and tens. 
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NoTT, the square of the tens must be^ found in the two 
left-hand figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, 
are called periods. The part 60 is comprised between the 
two squares 49 and 64, of which the roots are 7 and 8 ; hence, 
7 expresses the numher of tens sought / and the required 
root is composed of 7 tens and a certain number of units. 

The figure 7 being foimdj we 
write it on the right of the given ' 60 84 

number, from which we separate 49 



78 



it by a vertical line : then we 7 X 2 = 14 8 1 118 4 
subtract its square, 49, from 60, 118 4 

which leaves a remainder of 11, 

to Avhich we bring down the two 

next figures, 84. The result of this operation, 1184, con- 
tains twice the prodiict of the tens by the units^ plus ths 
square of the units. 

But since tens multiplied by miits cannot give a product 
of a less unit than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the units , 
this double product is therefore found in tlie part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then 
divide 118 by 14, the quotient 8 will express the units^ or a 
number greater than the units. This quotient can never be 
too small, since the part 118 will be at least equal to twice 
the product of the tens by the units ; but it may be too 
large, for the 118, besides the double product of the tens by 
the units, may likewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expresses the 
right number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. This 
multiplication being elFected, gives for a product, 1184, a 
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number equal to the result of the first operation. Hav- 
ing subtracted the product, we find the remainder equal 
to ; hence, 78 is the root required. In this operation, 
we form, Ist, the square of the tens; 2nd, the double 
product 01 the tens by the units; and 3d, the square of 
the units. 

Indeed, in the operations, we have merely subtracted from 
the given number 6084 : 1st, the square of 7 tens, or of 70 ; 
2d, twice the product of 70 by 8 ; and, 3d, the square of 8 ; 
that is, the three pai-ts which enter into the composition of 
the square, 70 + 8, or 78 and since the result of the sub- 
traction is 0, it follows thai; 78 is the square root of 6084. 

130. The operations in the last example have been per- 
formed on but two periods, but it is plain that the same 
methods of reasoning are equally applicable to larger num- 
bers, for by changing the order of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84, 
hav^ the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example are 
equally applicable to larger numbers. 

131. Hence, for the ex-traction of the square root of 
numbers, we have the following 

RULE. 

I. Point off the given number into periods of two figures 
edch^ beginning at the right hand: 

n. Note the greatest pe/rfect square in the first period on 
the leftj and place its root on the rights after the manner of 

181. Give ihe rule for the extraction of the square root of numbers? 
What is the first step ? What the sec ind ? What the third f What the 
fourth? What the filth ? 
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a quotient in divisio?t ; then subtract the square of this 
root from the first period^ and bring down the second p^iod 
for a remainder : . , 

m. Double the root already fmmd^ and place the result 
on the left for a divisor. Seek how many times the divisor 
is contained in the remainder^ exclusive of the right-hand 
figure^ and place the figure in the root and also at the right 
of the divisor : 

IV. Multiply the divisor^ thus augmented^ by the last 
figure of the root, and subtract the product from the re- 
mainder, and bring down the next period for a new remain- 
der. But if any of the products should be greater than 
the remainder, diminish the last figure of the root by one : 

V. Double the whole root already found, for a new di- 
visor, and continue the operation as before, until all t/ie 
periods are brought down. 

133. Note. — 1. If, after all the periods are brought 
doAvn, there is no remainder, the given number is a perfect 
square. 

2. The number of places of figures in the root will always 
be equal to the number of periods into which the given 
number is divided. 

3. If the given number has not an exact root, there \iall 
be a remainder after all the periods are brought down, in 
which case ciphers may be annexed, forming new periods, 
for each of'which there will be one decimal place in the root. 

1 32. What takes place when the given number ia a perfect square ? 
How many places of figures will there be in the root? If the given num- 
ber is not a perfect square, what may ^e douo after nil the periods are 
brought dowu ? 
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^ EXAMPLES. 

1. Wliat is the square root of 36V29 ? 



In this example there are 
two penods of decimals, 
and, hence, two places of 
decimals in the root. 



3 67 29 1 191.64 4- 

1 I 



29 



267 
261 



381 



382 6 



629 
381 



24800 
22956 



3832 4 



184400 
153296 



31104 Rem. 

2. To find the square root of 7225. Ans, 85. 

3. To find the square root of 17689. Ans, 133. 

4. To find the square root of 994009. Ans. 997. 
6. To find the square root of 85673536. Ans, 9256. 

6. To find the square root of 67798756. Ans, 8234. 

7. To find the square root of 978121. Ans. 989. 

8. To find the square root of 956484. Ans, 978. 

9. What is the square root of 36372961 ? ^ Ans. 6031. 

10. What is the square root of 22071204 ? Ans, 4698. 

11. What is the square root of 106929? Ans, 327. 

12. What of 12088868379025? Ans, 3476905. 

13. What of 2268741 ? Ans. 1506.23 +. 

14. What of 7596796? Ans, 2756.22 + 

15. What is the square root of 96 ? Aris, 9.79795 -f-. 

16. What is the square root of 153? Aris, 12.36931 +. 

17. What is the square root of 101 . Ans, 10.04987 -f-. 
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18. What of 285970396644? ^W5. 634762. 

19. What of 41606800625 ? Ans. 203975. 

20. What of 48303584206084 ? Ans. 6960078. 

EKTEACTION OF THE SQUARE ROOT OP FRACTIONS. 

133. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that 

The square root of a fraction wiU he equal to the square 
root of the numerator divided by the square root of the 
denominator. 

For example, the square root of tj is equal to t : for, 

a a __a^ ^ 

1. What is the square root of -? Ans. -• 

9 3 

2. What is the square root of — ? Ans. - • 

8. What is the square root of — ? Ans. - • 

4. What is the square root of -— ? Ans. —- • 

o61 19 

6. What is the square root of — ? Ans. - • 

__ . , _ 4096 ^ .64 

6. What IS the square root of — 77— r ? Ans. -— - • 

^ 61009 247 

H xm. ^' ^x. ^ ^ 582169 ^ a . "^^^ 

7. What IS the square root of r Ans. -^f- • 

1IJS. To what is the square root of a fractioii equal t 
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134. If the nnmerator and denominator are not perfect 
s'juares, the root of the fraction cannot be exactly found. 
We can, however, easily find the approximate root. 

RULE. 

Multiply both terms of the fraction by tJie denominator : 
Then extract the square root of the numerator^ and divide 
this root by the root of the denominator; the quotient wiU 
be the approximate root. 

1. Find the square root of - • 

Multiplying the numerator and denominator by 5 

v/i=\/i= #=<'■"»+)*»> 

hence, (3.8729 +) -*• 6 = .7746 + = A71S. 

2. What is the square root of ^ ^ -^^^« 1.32287 +. 

14 

3. What is the square root of — ? Ans. 1.24721 +. 

y 

11 

4. What is the square root of Hr^? Ans. 3.41869-}-. 

16 

^g 

6. What is the square root of 7— ? A71S, 2.71313 +. 

36 

6. What is the square root of 8-- ? Ans. 2.88203 -f-. 

7. What is the square root of — ? Ans. 0.64549 -f . 

3 

8. What is the square root of 10-- ? Ans. 3.20936 +. 

184. What is the rule when the numerator acd denominator are not 
perfect squares ? 
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135. Finally, instead of the last method, we may, if we 
please, 

Change the common fraction into a decima^^ and continue 
the division until the number of decimal places is double 
the number of places required in the root. Then extract 
the root of the decimal by the last rule. 

ifiXAMPLBS. 

1. Extract the square of — to within ,001. This num- 
ber, reduced to decimals, is 0.786714 to within 0.000001 ; but 
the root of 0.785714 to the nearest unit, is .886; hence, 

0.P86 is the root of — - to within .001. 
14 

2. Find the \/2— to withm 0.0001. Ans. 1.6931 +. 

V 16 

3. What is the square root of ^^ ? Ans. 0.24253 +. 

7 

4. What is the square root of - ? Ans. 0.93541 +. 

o 

6. What is the square root of -? Ans. 1.29099 f. 

9 

KXTRACnON OF THK SQUAEB ROOT OF MONOMIALS. 

136. In order to discover the process for extracting the 
square root of a monomial, we must see how its squai e is 
formed. 

By the rule for the multiplication of monomials (Art. 42), 
we have, 

{ba^b^cY = S«^^^^ X 5«^^^^ = 25a*«»«c2; 

136. What 18 a second method of finding the approximate roott 
186. Give the rule for extracting the square root of monomials t 
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tliat is, in order to square a monomial, it is necessary t4 
square its coeJ/icle?ft and double the exponent of each oftht 
letter.f. Hence, to find the square root of a monomial, we 
have the following 

BITLE. 

1. Contract the square root of the coefficient for a new 
coefficient : 

n. Divide the exponent of each letter by 2, and tJien 
annex aU the Utters with tJieir new exponents. 

Since like signs in two factors give a plus sign in the pro- 
duct, the square of -- a, as well as that of + a, will be 
4- a^i hence, the square root of a^ is either -h a, oi 
— a. Also, the square. root of 25a^b\ is either + 5ab\ 
or — 6ab^. Whence we conclude, that if a monomial is 
positive, its square root may be affected either with the sign 
-f or — ; thus, ^/9a* = ± Sa^ ; for, + Sd^ or — Sa\ 
squared, gives -> 9a*. The double sign ±, with which the 
rodl is alFectef'^ is read plus and minus, 

EXAMPLES. 

1. What IS tlie square root of 64a^6*? 

^/64a^6* = -{-Sa^b^; for -i-Sa^b^x +Sa^b^= +64a«ft* 
and, -/64ff'^i* = — 8aW. for -Sa^^^x -8a^b^=: -{-64a«J* 
Hence, y^Ia^ = ± 8a^bK 

2. Find the square root of (j25aWc^. ± 25a5V. 
8. Find the square root of 576a^^V. ± 24a2ftV. 
4. Find the square root of 196a;y2*. ± l^x^yz\ 
6. Find the square root of 44la^b^c^^d^^. ± 21a*5Vdf^ 

6. Find the square root of iSia^W^c^^d^. ± 2Sa^b''chl 

7. Find the square root of Sla^b*c^. ± 9a^^V, 
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Notes. — 137. 1. From the preceding ru'ie it folio wr, 
that when a monomial is a perfect square, its numericcu 
coefficient is a perfect square^ and aU its exponents even 
numbers. Thus, 25a*b^ is a perfect square. 

2. If the proposed monomial were negative^ it would be 
impossible to extract its square root, since it has just been 
shown (Art. 136) that the square of every quantity, whether 
porftive or negative, is essentially positive. Therefore, 

-/— 9, -/— 4a\ -/— Sa% 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities^ or 
rather, imaginary expressions^ and are frequently met with 
in the resolution of equations of the second degree. 

IMPEBFECrr SQUABES. 

138. When the coefficient is not a perfect square^ or 
when the exponent of any letter is unevrni^ the monomial is 
aa imperfect sqicare : thus, 98a5* is an imperfect square. 
Its root is then indicated by means of the 'adical sign ; thus, 



y9Sab\ 

Such quantities are called, radical quantities^ or radicals of 
the second degree : hence, 

A RADICAL QUANTITY, is the indicated root of an imperfect 
power. 

137. When is a monomial a peifect square? What monomials are 
these whose square roots cannot be extracted ? What are such expres- 
fions called ? 

1 38. When is a monomial an imperfect square ? What are such quail' 
5lti(« callrnl ? What in a rrtdlcnl quantity ? 
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TRANSFORMATION OF EADKJALS. 

139. Let a and b denote any two numbers, and j 
the product of their square roots: then, 

^ X Vb = p (1.) 

Squaring both members, we have, 

a X b = p^ .... (2.) 

Then, extracting the square root of both members of (2), 

V^ = i> (3.) 

And since the second members are the same in Equations 
( 1 ) and ( 3 ), the firat membera are equal : that is, 

ITie sqtuire root of the product of two quantities is equcU 
to theproditct of their square roots. 

140. Let a and b denote any two numbers, and q 
the quotient of their square roots ; then, 

Sruaring both members, we have, 



a 
l 



- ^ ?'. (2.) 



then extracting the square root of both members of ( 2 ), 



vf 



? = » ; — (3) 



and since the second members are the same in Equations ( 1 ) 
and ( 3 ), the first members are equal ; that is, 

139, To what is the square root of the product of two quantities equal? 

140. To what is the square root of the quotient of two quantitict 
equal? 
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The square root of the quotient of two quantities is eqieal 
to the quotient of their square roots. 

These principles enable us to transform radical expres- 
sions, or to reduce them to simpler forms ; thus, the expres- 
sion, . 

9Sab^ = 49^^* X 2a ; 

hence, ^dSab^ = -^/idb* x 2a; 

and by the principle of (Art. 139), 

^i9b* X 2a = -v/49^* x V^ = W^/2a. 
In like maimer, 

^/^€m^ = V9a2^Vx~6W = Zabc^/^bd. 

Vseio^js^ = yTiia^^VolTa&c = \2abH^^/Wc. 

The COEFFICIENT of a radical is the quantity without the 
sign ; thus, in the expressions, 

Wy/2a, ^abc^/Ebd, \2ab'^(^^/^c, 

the quantities Wy ZabCy 12a6V, are coefficients of the 
radicals. 

141. Hence, to simplify a radical of the second degree, 
we have the following 

RULE. 

I. Divide the expression under the radical sign into two 
factors^ one of which shall be a perfect square : 

n. Extract the square root of the perfect square^ and 
then multiply this root by the indicated square root of the 
remaining factor, 

141. Give the rule for simplifying rad/jals of the second degree. How 
do you determine whether a given uutj jer has a factor which is a perfect 
square ? 



186 



ULKMENTABY ALGEBSA. 



Note. — To determine if a given number has any factor 
which is a perfect square, we examine and ^ee if it is divi- 
sible by either of the perfect squares, 

4, 9, 16, 26, 36, 49, 64, 81, &c.; 

if it is not, we conclude that it does not contain a facte r 
which is a perfect square. 

BXAMPLES: 

Reduce the following radicals to their simplest form : 
1, ^\/Tbd^hc. 



2. ^/^VcM\ 
4. -v/256a2^. 



6. V1024aW?. 
6. y/n^Gp¥^d, 
1. -y/mha^^iNi. 



8. VT445aVc?*. 

9. Vl008a9c?^m8. 

10. vTTsGa^W^. 

11. -/405a^^6^8. 



An8, Sa^Sabc 

Am. Sb^a^d^/2b, 

Ans, icj^b*^/2ac, 

Ans. 16a5V. 

Ana, Z2a'^b^c'^^/abc. 

Ans, 2^d^b'^c^^ahd, 

Ans. l5a^Pc\/Sabd. 

Ans. 11ac*d^y/5a. 

Ans. X^a^d^m^^lad. 

Ans. da^^d^^ba. 



148. Notes. — 1. A coefficient^ or a factor of a coeffi- 
cient^ may be carried under the radical sign, bi/ squaring it. 
Thus, 

1. Sa^^/bc = ^Sa^Y x be = V^al'bc. 

2. 2ab^ = 2yfo^¥d = -/ic^¥d. 



142. How raay a coefficient or factor be carried under the radical sign 
To what is the square root of a negative quantity equal ? 
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3. 4{a+b)^/a^ = 4.^{a-\-bY(a-b)=:4^{a^^b^){a'{-b) 

4. 65c Va2^^ = b^'b^c^a'^c^). 

2. The square root of a negative quantity may also bo 
amplified; thus, 

^/^ITq == -/9 X — 1 = -v^ X -/^n r= 3-/^, 

and, -/—"^ = V^ X -/— 1 = Sa-/— 1 ; also, 

-/— 8a26 = V4a2x —26.= 2a^'-2b = 2a V^ X V^; 

that is, ^Ae square root of a negative quantity is equal to 
the square root of the same quantity with a positive sign, 
multiplied into the square root of — I, 

Reduce the following : 

1. -/— Q4aW. Ans. Sab^/~^. 

2. V— l2Sa*b\ Ans, Sa^^i/2by^-^. 

3. yC~72a^^. Ans. ea^^c^^/2aby/^^. 

4. -/— 48a^bc\ Ans. 4ac^^3abc^\/^^* 



ADDITION OF RADICALS. 

14S. Similar Radicals, of the second degree, are those 
in which the quantities under the sign are the same. Thus, 
the radioals S-y/^, and 5c y^ are similar, and so also are 
Q-y/S, and 1y/2. 

144. Radicals are added like other algebraic quantities; 
hence, the following 

143. What are similar radicals of the second degree? 

144. Give thf rule for Ihe addition of radicals of th^ second degree t 
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RULE. 

L If the radicals are similar^ add tJieir coefficients^ and 
to the sum annex the common radical : 

n. If the radicals are not similar^ connect them together 
with their proper signs, • 

Thus, 3a v^ + 6c V^ = (3a + 6c) V^. 
In like manner, 

7V^ + 3V2a = (7 + 3)v^ = lOy^. 

Notes. — 1. Two radicals, which do not appear to be mm- 
ilar at first sight, may become so by transformation (Art. 
141.) 
For example, 
-v/48«^>2 + b\/l5a = 45V5a + 5b^\/3a = dby^\ 
2^45 4- 3^/5 = 6-v/6 + 3^/5 = 9^6. 

2. When the radicals are not similar, the addition or sub- 
traction can only be indicated. Thus, in order to add 3 y^ 
to 5 v/«, we write, 

S-^/a -f 3v^. 

Add together the following : 

1. V^Vo^ and y^a\ Ans. Va-v/S". 

2. y/bOa}b^ and y^2aF^. Ans. lla^ft-v^. 

Ans. (6 + 10a)v'SI 
Ans. —y/i 
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6. ^98a^x and ^Z6x^ — SQa\ 

Ans. 1a^/2x + 6-^/^"— ~«^ 
1. -/QSa^aj and '/288a*aj*. ^m. (7a + 12a^2)y5^ 

8. V^ and yH^. Ana. 14^2". 

9. V^ and yHY. ^n5. 10 y^ 

11. 2y/c^h and 3-^/64^. -4/w. C2a + 24a;2)y/^. 

12. -v/243 and 10^363. Ans. llOyT. 

13. 'v/320a2^>2 and ^/2ibaW. Ans. (8aft + 7a*53) y^ 

14. ^/hha^lp and VsoOa^^^ ^/i«. (5a353 + \^aW)y/^. 



SUBTRACTION OF EADICALS. 

145. Radicals are subtracted like other algebraic quan- 
tities ; hence, the following 

BULB. 

I. If ike radiccHs are similar^ subtract the coefficient of 
the subtrahend from that of the mimcendj and to the differ^ 
ence annex the common radical : 

n. Jf the radicals are not similar^ indicate the operation 
by the mimes sign. 

BXAMPLBS. 

1. What is the difference between 3a y^ and ayti 
Here, Za-y/b — a-y/b = 2a y^. Ans. 

146. Give the rule for the subtractiot! of radicals. 
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2. From Oay^W subtract 6av2W. 
First, 9aV2W = 21aby/h, and CaV^T^ = \Baby/Z\ 
and, 27a^>v^ — ISaftyl) = 9aft-\/3. Ans. 

Find the differences between the following : 



8. -y/lb and y^. 

4. -/24a262 and -y/646*. 




6. VT28a^ and vS2a«. 

7. V^So^ and y^- 



-4n«. (2aft — 3*2) ye] 

4 , 

45 

Ans. (8a5 — 4a*)'v/2a] 

Ana, ^ah^/Z€^ — syoj] 

8. -/242a^6* and ^2a^bK Ans. {Wa^U^ — a^) V2a^. 

10. -/320a2 and y^SOo*. ^m. 4ay5". 

11. V720a^ and ^2^bah(^d\ 

Ans. {12ab — 1cd)'\/5ab. 

12. -v/968a2^ and y^OOo^i^^. Ans. 12aby^. 

13. yTl2a86« and v^28a8ft«; \4w5. 2a*^^V^ 



MULTIPLICATION OF RADICALS. 

146. Radicals are mnltiplied like other algebraize quan- 
tities; hence, we have the following 

BULB. 

I. Multiply the coefficients together for a new coefficient: 



148. Give the rule for the multiplication of radicals. 
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9 

n. Multiple/ together the qimntitiea under the radical 
signs: 
in. Then reduce the res^ult to its simj lest form, 

1. Multiply 3a v^ by 2y/ab. 

Za^/bc X 2v^ = 3a X 2 X V^ X V^- 
which, by Art. 139, = CaV^^Jac = 6aSVac« 

Multiply the following : 

2. Sy/^b and 4-v/20a. Ans. 120a -y/F. 
8. 2aV^ and 3av^. Ans. Qa^bc. 

4. 2a^'€F+¥ and - 3aVaH^. A. ~6a2(a2+ b\) 

5. 2ab^a + ^ and acy^a — ft. -4w«. 2a^bcy^a^ — ft^ 

6. 8^2 and 2-v/8. ^/w. 24. 
'^. iV?a^ and ^j^^/^^. Ans. -^^abc^/lb. 

8. 2a5 + Vft and 2x — y^. -4w«. 4a;2 — ft. 

9. V« + ^-v/ft and -/a — 2^^^. -4/w. y'a^ — 4ft. 
10. 3aV27a3 by V^- -^^^- 9«'v^ 
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147. Radical quantities are divided like other algebraio 
quantities ; hence, we have the following 



BULB. 



I. Divide the coefficient of the dividend by the coeffieieniL 
of the divisor^ for a new coefficient : 



147. Givo the rule for the division of radicals. 
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II. Divide the quantities under the radicals^ in the sarnH 
manner : 
HE. TJien reduce the result to its simplest form. 

EXAMPLES. 

1. Divide Sa-y/Pc by 4aV^. 

Sa «. . 

-— = 2, new coefficient. 
. 4a 

hence, the quotient is 2 X - = — • 

c c 

2. Divide 6a V% by 26 yc. A7is, ~^i\/ -- 

3. Divide 12ac-v/66c by 4c y^. -4/w. Sa-y/Sc. 
. 4. Divide 6a-v/966* by Sy^. -4w«. 406^3". 

6. Divide ^a^^^bW^ by 2a^^/6b. Ans. 2b^^/lO. 

6. Divide 26a36-/81a262 by 13av/9a6. A. Qa^by/ab. 

7. Divide 84a35*-/27ao by 42a6-/3a. -4. ^a^'^yfe. 

8. Divide Vl^ by v^. ^^5. Ja. 

9. Divide ea^ft^-^^oo^ by 12 y^. Ans, aW. 

10. Divide ea-y/Ioft^ by Sy^. J^tw. 20*^2. 

11. Divide 486*yi^ by 26^^^ Ans. 360J^ 

12. Divide 8a25*c3y^7j5 by 2ay'28^. Ans. 2a¥<^d. 

13. Divide 96aVy^986« by 48a6cV^- ^. l^c^hc^. 
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14. Divide 1na^J/'^/2Ul^ by ^/na. Arts, 21a%^^/z. 
16. Divile ISaWy^ by U^h^/a:K Ans. ^a^b^ ^/2. 

SQUAEE EOOT OF rOLYNO:\nALS. 

148. Before explaining the rule for the extraction o^tho 
equare root of a polynomial, let us first examine the squares 
of several polynomials : we have, 

(a + by = a2 + 2ab + h\ 

{a + b + cY z= a^+ lab + ^^^ +. 2(a + b)c + c*, 

(a + J + c + rf)^ = a^ + 2aJ + 62 + 2(a + J)c + c* 

+ 2(a+ 6 + c)c?+ <Z2. 

The laiD by which these squares are fonned can be enun 
dated thus : 

The square of any polynomial is equal to the square of 
the first term^ plus tic ice the product of the first term by the 
second^ plus the square of the second ; j^lus twice the first 
two terms multiplied by the thirds plus the square of the 
third; plus twice the first three terms multijMed by the 
fourth^ plus the square of the fourth; and so on. 

149. Hence, to extract the square root of a polynomial, 
we have the following 

EULE. 

L Arrange tJie polynomial tcith reference to one of its 
letters^ and extract the square root of the first term : this 
toill give the first term of the root : 

148. What is the square of a binomial equal to? What is the square 
of a trinoraial equal to? To what is tlie sqiiare of any polynomial cqnal? 

149. Give the rule for cxtriicliiig the square root of a polynomial? 
What is the first step ? Wl at the second ? What the third ? What the 
fourth f 

d 
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IT. Divide the second term of the poIi/nomtcU hy double 
the first term of the rooty and the quotient will be the second 
term of the root : 

IIL Then form the square of the algebraic sum, of the 
ttco terms of the root foioul^ and subtract it from, the first 
polynomial^ and the?i divide the first term, of the remainder 
by double the first term of the root^ and the quotient will be 
the third term : 

rV. Form t/ie double product of the sum of the first and 
second terms by the third, and add the square of the third ; 
then subtract this result from t/ie last remahidery and divide 
tlve first term oftlie result so obtained, by double the first 
term of the root, and tJie quotient will be the fourth term. 
Then proceed in a similar manner to find the otJier terms, 

EXAMPLES. 

1. Extract the square root of the polynomial, 

A^d'b'^ — 2iaP + 25a* - SOa^ -f IQbK 
First Jirrange it with reference to the letter a. 
25a* - dOa^b + ^9a^b^ - 24:aP + IQb^ \ 5a^ - Sab 4- 4ft» 



25a*- 


■ SOa^b 4- 9a'b^ \ lOa^ 




40^/2/,2 _ 24a53 + 16^* . . Ist Bem. 
40a-b^ - 24ab^ + 166* 

2d Bern. 



After having arranged the polytiomial with reference to 
a, extract the square root of 25a^ ; this gives 5a^, which 
is placfed at the right of the polynomial : then divide the 
second term, — 30a^b, by the double of 5a^ or lOa^; 
the quotient is — Sab, which is placed at the right of 5a\ 
Hence, the first two terms of the root are 5a^ — Sab. 
Squaring this binomial, it becomes 25a* — SOa'^b + 9a'^b\ 
which, subtracted from the proposed polynomial, gives a 
remainder, of which the first term is 40^2^^. Dividing this 
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first term by 10a% (the double of 5a^)y the quotient ifl 
4- 4^2 . thig ig the third term of the root, and is written on 
the right of the first two terms. By foiming the double 
product of 5d^ — 3ab by 4^^^ squaring 4b\ and taking 
the sum, we find the polynomial 40a'^b'^ — - 240^^ -f 166*, 
which, subtracted from the first remainder, giv^s 0. There- 
fore, 5a^ — Bab + ib^ is the requu*ed root. 

2. Find the-square root of a*4- 4a^a;+6a2a;2+4aa^+ aj*' 

Ans. a^-{- 2ax + x\ 

3. Find the square root of a*— 4:a^x-{-Qa^x^^ 4aa^-f- aj*. 

Ans. a^ — 2ax + a^. 

4. Find the square root of 

4Qfi + 12a* + 5a:* -^ 2a;3 + W — 2a; + 1. 

Ans. 2x3 +3x2 — 05+1. 

5. Find the square root of 

9a* - 12a3* + 2Sa^b^ — IQab^ + ieb\ 

Ans. 3a2 — 2ab + 4b\ 

6. What is the square root of 

a* — 4ax3 + 4a2x2 — 4x2 + Sox + 4? 

Ans. x2 — 2ax — 2. 

7. What is the square root of 

9x2 _ i2aj + 6xy + y* — 4y + 4 ? 

-4w5. 3x -f y — 2. 

8. What is the square root of y* — 2y2x2 + 2x2 _ 2y2 
+ 1 + X* ? Ans. y2 _ jg2 _ 1^ 

9. What is the square root of 9a*b^ — SOa^b^+ IhaWt 

Ans. ZaW - bob. 
10. Find the square root of 
25a*^« - 40a3*2^ + n^aWc^ - 4^ab'^c^ f 36J2c* - 30a*^c 
+ 14a?b(^ - 36a26c3 + 9aV. 

^7i^. 5a2^> - 3c/2c — 4a^c + ^be\ 
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150. \V3 will conclude this subject witli the following 
remarks : 

1st. A binomial can never be a perfect square, since Tve 
know that the square of the most simple polynomial, viz., 
a binomial, contains three distuict parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a^ + ft^, is not a perfect square ; it wants the 
teiTu ± 2aby in order that it should be the square of a ± ^. 

2d. In order that a tiinomial, when an-anged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : J^actract the 
roots of the two extreme terms, and give these roots the same 
or contrary signs, according as the middle term is positive 
or negative. To verify it, see if the double product of the 
tioo roots is the same as the middle term of the trinomial. 
Thus, 

9a® — 48a*i2 -h 64a^5*, is a perfect square, 

since, y/^^ = Sa^, and Veia^ = — %a¥ ; 

and also, 

2 X Sa^ X — 8aft* = — 480*5^ = the middle temu 

But, 4a^ 4- \iah + 9^^ is not a perfect square: for, 
although 4a^ and + 9^^ are the squares of 2a and ^by 
yet 2 X 2a X 35 is not equal to 14a6. 

3d. In the series of operations required by the general 
rule, when the first term of one of th^ remainders is not 
exactly divisible by twice the first term of the root, we may 

15(». Can a binomial ever be a perfect power? Why not? When is 
a tiinomial a pritl'c-t square? When, in extraetinj^ the square root, we 
fiud ihat the hi-st term of the remainder is not divisible by twice the root, 
is the polynomial a perfect power or not? 
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conclude that the proposed polynomial is not a ptTfcct 
square. This is an evident eonsecpience of the course of 
reasoning by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is lot a perfect square^ it may 
sometimes be simplified (See Ait. 139). 

Take, for example, the expression, ^a^b + ^a^b"^ + Aab^, 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ab{a'^ + Aab -f 4<V.) 
Now, the factor within the parenthesis is evidently the 
square of a +• 2i, whence, we may conclude that, 

y/^^b + 4a252 + 4^53 =(«-!- 2^) ^ab. 

2. Reduce ^2a}b — Aab'^ -f 2b^ to its simplest form. 

Ana. (a — b) y 2d. 
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CHAPTER vm. 

XQUATIOKS OF THE SECOND DEGBEB. 
EQUATIONS CONTAINING ONE UNKNOWN QUANTITY. 

151. An Equation of the second degree containing bn< 
one unknown quantity, is one in wliich the greatest exponent 
is equal to 2. Thus, 

SB* = a, ao^ + to = c, 

are equations of the second degree. 

152. Let us see to what form every equation of the 
second degree may be reduced. 

Take any equation of the second degree, as, 

(1 + «)» - ?a5 - 10 = 6 - I + ^. 

Clearing effractions, and performing indicated operations, 
we have, 

4 + 8a; + 4a;2 — 3aj — 40 = 20 — « + 2aj*. 

Transposing the unknown terms to the first member, the 
known terms to the second, and arranging with reference to 
the powers of a, we have, 

4a;2 — 2x2 + 8aj - 3x + JB -_ 20 + 40 — 4 ; 

161. What is an equation of the eecond degree ? Give an example. 

162. To what form may every equation of the second degree be redacedt 
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and, by reducing, 

2x^ + 6aj = 56 ; 

dividing by the coefficient of jc^, we have, 

a;2 +. 3a; = 28 

K we denote the coefficient of x by 2jt>, and the second . 
member by q^ we have, 

x^ -f 2px = q. 

This is called the reduced eqitation, 

153. When the reduced equation is of this form, it con- 
tains three terms, and is called a complete equation. This 
terms are, 

FiEST Term. — ^The second power of the unknown quan- 
tity, with a plus sign. 

Second Term. — ^The first power of the unknown quantity, 
with a coefficient. 

Third Term. — ^A Imown term, in the second member. 

Every equation of the second degree may be reduced to 
this form, by the following 

RULE. 

L Clear the equation of fractions^ and perform all the 
indicated operations : 

n. Transpose all the unknown terms to the first memhery 
and all the known terms to the second member : 

153. How many terms are thert> in a complete equation ? What is the 
first terra ? What is the second term ? What is the third term ? How 
many operations are there in reducing an equation of the second degree 
to the required form ? What is the first ? What the second ? What the 
tiiird ? What the fourth ? 
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2. Prom 9a\/2W subtract 6ay2lb\ 
First, 9a'v/2W = 21ab^, and 6a-v/2W = l^aby/S; 
and, 27aJv^ — ISo^y^ = 9ab^. Ana. 

Find the differences between the following : 

3. ^[/15 and -^48. -4n5. \/3. 

4. -y/^Aom and yS46*. -4n«. (2aft — 362)^6". 



6. VT28a^ and '/32a». ^w«. (8aft — 4a*) y^ 

(T. V'Jsa^ and -y/Oa^. -4/w. 4aft-v/3a3 — ^yfab, 

8. -v/242a^ and ^2aW. Arts. (lla^J^ — a^>)V5a^. 

•• Vi and y^?. ^m. ^v/S: 

10. -/320a2 and -/SOa^. ^n«. 4a y^* 

11. -v/rno^ and V^46a5c^. 

^na. (12aft — 1cd)^bab. 

12. ySeSo^^ and v^OOo^^. -4/w. 12a^v^ 

13. VTl2a»^ and -y/^i^cW. Ana. 2a^b^^. 



MULTIPLICATION OF EADIOALS. 

146. Radicals are multiplied like other algebraic quan« 
tities; hence, we have the following 

BULB. 

I. Multiply the coefficients together for a new coefficient: 

146. Give the rule for the multiplication of radicals. 
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II. Multiply together the quantities under the radical 
signs: 
in. Then reduce the result to its simj'lest form. 

1. Multiply ^a^/hc by 2Vaft. 

3a v^ X S-y/o^ = 3a X 2 X ^/hG X \/^, 
which, by Art. 139, = Qa^b^ac = Qab^^ae. 

Multiply the following : 

2. B\/5ab and 4^^20a. Ans. \2Qa^/b. 

3. 2aV^ and 3a'v^. Ans, Qa^bc. 

4. 2a-v/aH^ and —Za^/oF+^. A. — 6a2(a2+ b\) 

5. 2a*-/a -f ^ and acy/a — ft. -4n«. ^a^bc^a^ — ft*. 

6. 3V5 and 2'v/8. -4n5. 24. 

^. iVi€^ and rVVfc^- ^^- 3V«*<?V^ 

8. 205 + y^ and 2x — y^. -4/w. Ax^ — ft. 

9. ^/a + 2^ and V^a — 2-v/ft. -4n«. ^/a* — 4ft. 
10. 3aV'i7a3 by y^- -^^- ^a^y^ 



DIVISION OF RADICALS. 

147. Radical quantities are divided like other algebraio 
quantities ; hence, we have the following 

BULB. 

I. Divide the coefficient of the dividend by th£ coefficient 
of the divisor J for a new coefficient : 

147. Givo the rule for the division of radicals. 
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3. Wliat ai-e the roots of the equation, 
3^^-8 = 1+10? 

Ans. a' = + 9, aj" = — 9. 
i. What are tke roots of the equation, 
4aj2 + 13 — 2a;2 = 45 ? 

Ans. a/ = + 4, »" = — 4, 

5. What are the roots of the equation, 

6iB2 — 7 = Bx^+ 5? 

Ans. a;' = +2, aj" = — 8. 

6. What are the roots of the equation, 

8 + 5a;2 = ^+4x^+ 28? 
o 

Ans. aj' = + 6, as" z=: — 5. 

1. What are the roots of the equation, 

J^w«. aj' = +6, 7^' ^ ^ 5, 

8. What are the roots of the equation, 

7?+ ah = 6a2 ? 
-4n«. a;' = + J^v^> a^' = — lySftl 

9. What are the roots of the equation, 



x^a 4- a3 = 6 + aj2 ? 

^/w. a:' = -7=4==, a:'' = ^ -— i= 
ya — 2^ ya — 
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PROBLEMS. 

1. Wliat number is that which being multiplied by itself 
the product will be 144 ? 

Let X = the number : then, 

X X X = x^ = 144. 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation : that is, 

V^= yTii: that is, x = 12. 

2. A person being asked how much money he had, said, 
if the number of dollars be squared and 6 be added, the sum 
will be 42 : how much had he ? 

Let X = the number of dollars. 

Then, by the conditions, 

aj2 + 6 = 42 ; 
hence, aj^ = 42 — 6 = 36, 

and, 05 = 6. Ans. $6. 

3. A grocer being asked how much sugar he had sold to 
a person, answered, if the square of the number of pounds 
be multiphed by 7, the product will be 1575. How many 
pounds had he sold ? 

Denote the number of pounds by x. Then, by the con- 
ditions of the question, 

7x» = 1575 ; 
hence, x^ = 225, 

and, X = 15. ^ns. 16. 

4. A perscm being asked his age, said, if from the square 



/"' 
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of my age in years, you take 192 years, the remainder will 
be the square of half my age : what was his age ? 

Denote the number of years in his age by as. 

Then, by the conditions of the question, 



a?-192='Q«)^=^, 



•ad by clearing the firactions, 

4ar» — 768 = a2 . 

hence, iai^ — a* = 768, 

and, 3ic2 = 768, 

sc* = 256, 

X = 16. Ans. 16 years. 

6. What number is that wliose eighth part multiplied by 
its fiilh pai-t and tlie product divided by 4, wdll give a quo- 
tient equal tor 40 ? 

Let X = the number. 

By the conditions of the question, 



ih^'r) 



4 •= 40; 



by clearing of fractions, 

u^ = 6400, 

05 = 80. Am. 80. 

6. Find a number such that one-thh-d of it multiplied by 
one fouilh shall be equal to 108. Ans. 36. 

7. What number is that whose sixth part multiplied by 
its fifth part and the product divided by ten, will give a 
quotient equal to 3 ? Ans. Sa 
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8. What It umber is that wliose square, plus 18, will be 
equal to ball' the square, plus 30^ ? Arts, 5. 

9. What numbers are those which are to each other as 
1 to 2, and the difference of whose squares is equal to 75 ? 

Let X = the less number. 
Then, 2x = the greater. 

Then, by the conditions of the question, 

4aj2 - aja = 76 ; 

hence, Saj^ = 75, 

and by dividing by 3, as* = 25, and a: = 5, 

and, 2x = 10. 

Arts, 5 and 10 

10. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 ? 

Let X = the greater number. 
Then, -x = the less. 

By the conditions of the problem, 

25 

86 * 

by clearing of fractions, 

ZQt? — 25aj* = 1584 ; 

hence, lla;^ = 1584, 

and, 0? = 144 ; 

hence, 05= 12, 

and, -« = 10. 

Ans, 10 and 12« 
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11. What two numbers are those which are to each other 
as 8 to 4) and the difference of whose squares is 28 ? 

Ans. 6 and 8. 

12. What two numbers are those which are to each other 
as 5 to 11, and the sum of whose squares is 584 ? 

Ans. 10 and 22^ 

1^, A says to -B, my son's age is one quarter of yours, 
and the difference between the squares of the numbers 
representing their ages is 240 : what were their ages ? 

. ( Eldest, 16, 

( Younger, 4. 

Two unknown quantities. 
157. When there are two or more unknown quantities : 

L Eliminate one of the unJcnoxjon quantities by Art. 
113; 

n. Then extract the square root of both members of the 
equation, 

PROBLEMS. 

1. There is a room of such dimensions, that the difference 
of the sides muhiplied by the less, is equal to 36, and the 
product of the sides is equal to 360 : what are the sides ? 

Let X = the length of the less side ; 

y z= the length of the greater. 
Then, by the first condition, 

(y — x)x = 36 ; 
and by the 2d, xy = 360. 

15*7. How do jou proceed when there are two or more unknown quan- 
lilies? 
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From the first equation, we have, 

ixy — x^ =z 36 ; 

and by subtraction, x^ = 824. 

Hence, x = ^324 = 18; 

y = — = 20. . 

Ans. sc = 18, y = 20. 

2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so many 
dollars per yard as the piece contained yards. Now, he gets 
four times as much for one piece as for the other : how many 
yards in each piece ? 

Let X = the number of yards in the larger piece ; 

y = the number of yards in the shorter piece. 

Then, by the conditions of the question, 

x + y = 12. 

X X X = x^ z=z what he got for the larger piece ; 

y X y = y^ = what he got for the shorter ; 

and, a^ = 4y% by the 2d condition, 

X = 2y, by extracting the square root. 

Substituting this value of a; in the first equation, we have, 

y + 2y = 12 ; 

and, consequently, y = 4, 

and, X = 8, 

Ans, 8 and 4. 

3. What two numbers are those whose product is 30, and 
the quotient of the greater by the less, 3^ ? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 

* : what are the numbers ? /J" 

Ans. yaby and \/t* 
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5. The sura of the squares of two numhtrs is 117, and the 
diflereuce of their squares 45 : what are the numbers? 

Arts. 9 aiid 6. 

6. The sura of the squares of two numbers is a, and the 
difTercnce of their squares is h : what are the numbers? 



A fa '\- h fa 

Arts. x = ^—^, y = V- 



2 

V. What two numbers are those which are to each othei 
as 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12 

8. What two numbers are those which are to each other 
as m to n, and the sum of whose squares is equal to a^ ? 

ma na 



Ans. 



9. Wliat two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 ? 

Ans, 5 and 10. 

10. What two numbers are those which are to each other 

as m to n, and the difference of whose squares is equal to b^ ? 

. mb nb 
Ans. — — , * 

11. A certain sum of money is placed at interest for dx 
months, at 8 per cent, per annum. Now, if the simi put at 
interest be multiplied by the number expressing the interest, 
the product will be $562500: what is tlie principal at in- 
terest? Ans. $3750. 

12. A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one-half 
as many doUars as there are persons, and the women, twice 
as many dollars as there are boys, and together they receive 
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138 dollars: Low many women were there, and how many 

boys? 

36 women, 
48 boys. 

COMPLETE EQUATIONS. 



Ans, j 



158 The reduced form of the complete equation (Art. 
153) is, 

x^ + 2px = q. 

Comparing the first member of this equation with the 
square of a binomial (Art. 54), we see that it needs but tho 
square of half the coefficient of jc, to make it a perfect square. 
Addhig p^ to both members (Ax. 1, Art. 102), we have, 

x^ + 2px + p^ =1 q + p^. 

Tlien, extractmg the square root of both members (Ax. 6), 
we have, 

x+ p = ± ^/q + p\ 

Transposing p to the second member, we have, 



SB = — /> ± -/s' -f p\ 

Hence, there are two roots, one corresponding to the piita 
sign of the radical, and the other to the minus sign. De- 
noting these roots by x' and a;", we have, 



a' = — p + ^q -f p\ and aj" = — ^ — -y/q + p\ 

The root denoted by a?' is called the first root ; that de- 
noted by x" is called the seco7id root, 

1 58. What is tlie form of the reduced equation of the second degree f 
Wliat is the scpiare of the binomial x -\- pi How many of those terms 
are found in the first term of the reduced equation? What must be 
added to make tlie first member a perfect square ? How many roots are 
there in every eq\iation of the first di^gr^e ? What is the first root oqiuU 
to ? What is the second equal to ? 
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159. The operation of squaring half the coefficient of 
flj and adding tlie result to both members of the equation, is 
called Co7npleting the Square, For the solution of every 
complete equation of the second degree, we have the fol- 
lowing 

RULE. 

L Heduce t/ie equation to theform^ 7? + 2pa; =: q: 

n. Take half tJie coefficient of the second tenn^ square 
ity and add the result to both members of the equation : 

in. Then extract tlie square root of both members ; after 
whichy transpose the known term to the second member. 

Note. — ^Although, in the beginning, the student should 
complete the square and then extract the square root, yet 
he sliould be able, in all cases, to write the roots unmediately, 
by the following (See Art. 158) 

RULE. 

I. The first root is equal to half the coefficient of the 
second term of tJie reduced equation^ taken with a contrary 
sign^ plus the square root of the second member increased 
by the square of half tlie coefficient of the second term : 

n. The second root is equal to half the coefficient of the 
second term of the reduced equatioriy taken with a contrary 
sign^ mifius the sqitare root of the second member increased 
by the square of half the coefficient of the second term, 

160. We will now show that the complete equation of 

159. What is the operation of completing the square? How many 
operations are there in the solution of every equation of the second de- 
gree? What is the first ? What the second? What the third ? Gire 
the rule for writing the roots without completing the square? 

160. How many forms will the complete equation of the second degree 
assume? On what will these forms depend? Wliat are the signs of 2p 
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the second degree will take four forms, dependent on tho 
signs of 2p and q. 

1st. Let us suppose 2p to be positive, and q positive; we 
shall then have, 

a;2 + 2jpa; = <? (1.) 

2d. Let us suppose 2/? to bei negative, and q positive; 
we shall then have, 

a;2- 2^^= q. .... (2.) 

3d. Let us suppose 2/? to be positive, and q negative ; 
we shall then have, 

Q^ -f Ipx z= — q. . . . ( 3.) 

1th. Let us suppose 2p to be negative, and q negative ; 
•i''3 shall then have, 

x^ — 2px = — 3^. ... (4.) 

As these are all the combinations of signs that can take 
plare between 2p and q^ we conclude that every complete 
equation of the second degree will be reduced to one or the 
other of these four forms : 

x^ + 2px = + q^ . . 1st form. 

x^ — 2px = + qy . . 2d form. 

x^ + 2px = — q^ . . 3d form. 

x^ — 2px z= — q^ . . 4th form. 

EXAMPLES OP THE FIRST FOBM. 

1. What are the values of as in the equation, 

2jb2 + 835 = 64 ? 
If we first divide by the coefficient 2, we obtain 
a;2 + 405 = 32. 

and q in the first form? What in the second? What in the third? 
WVat in the fourth ? 
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Then, completing the square, 

a;2 + 405 4^ 4 = 32 + 4 = 36. 

Extracting the root, 

05 + 2 = ± v^ = + 6, and — 6. 

Hence, fl/rs — 24-6 = +4; 

and, 05"=— 2 — 6=— 8. 

Hence, hi this form, the smaller root, numerically, is positive, 
and the larger negative. 

VERIFICATION. 

If wo take the positive value, viz. : 05' = + 4, 

the equation, a5* + 4a5 = 32, 

gives 4» + 4 X 4 = 32 ; 

and if we take the negative value of sc, viz. : a?" =» — 8, 

the equation, 85^,+ 405 = 32, 

gives (- 8)2 + 4(- 8) = 64 - 32 = 32; 

from which we see that either of the values of 0% viz.: 
05^= +4, or as" = — 8, will satisfy the equation. 

2. What are the values of 05 in the equation, 

30^ +1205—19 = — 052 — 12x + 89? 
By transposing the terms, we have, 

3052 + x^+ 120; + 1205 = 89 + 19; 

and by reducmg, 

405* + 2405 = 108; 

and dividing by the coefficient of a*, 

aj» + 605 = 27. 
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JToTT, by completing the square, 

ar^ + 625 + 9 = 36 ; 
extracting the square root, 

cc + 3 = i^/se = + 6, and — 6j 
hence, a;' = +6 — 3 = +3; 

and, a;" = — 6 — 3 = — 9. 

VEKIFICATION. 

If we take the plus root, the equation, 

a^+ 6x = 27, 
gives {^y+ 6(3) = 27; 

and for the negative root, 

0^+ ex = 27, 
gives (- 9)2 + 6(- 9) = 81 - 54 = 27.. 

3. What are the values of jc in the equation, 

ai2 _ loa; + 15 =z ~ — 3425 + 155 ? 
5 

By clearing effractions, we have, 

6a;2 —5025 + 75 = a;^ — 17025 + 776; 

by transposing and reducing, we obtain, 

425^+ 12025 = 700; 

then, dividing by the coefficient of 25^, we have, 

x^+ SOx = 175; 

and bj completing the square, 

aj3 + 3025 -h 225 = 400 ; 
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and by extracting the square root, 

JB + 15 = iby^OO = + 20, ajid — 20, 
Hence, a/ = + 5, and «" = — 35. 

VERIFICATION. 

For the plus value of a?, the equation, 
a^+ 30x = 175, 
gives, (5)2 + 30 X 6 = 25 + 150 = 175^ 

And for the negative value of x^ we have, 

(— 35)2 + 3o(— 35) = 1225 — 1050 =- 176. 

4. What are the values of as in the equation, 

S^ 1 . 3 « 2 ^ , 273^ 
--aj2 — -aj + - = 8 — -35 — aj2+-— -? 
6 2^4 3 12 

Clearing of fractions, we have, 

lOaj^ -6a; +9 = 96 — 8a5 — 12aj2 + 273; 

transposing and reducing, 

22a;2 + 2a; = 360 ; 

dividing both members by 22, 

« , 2 360 

^ 22 22 

Add I ^ I to both members, and the equation becom' 

whence, by extracting the square root, 

, 1 , /360 . / 1 \2 

^ + •22= ^ V-22- + (i?:2)' 



W/- 
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therefore, 

1 , /360 ^( ly 

^ » 1 /360 , / 1 \* 

and, «:"= - - - -^— + (-) • 

It remains to perform the numerical operations. In the 
first place, 

360 ,( ly 

must be reduced to a single number, having (22)^ for its 
denominator. Now, 

360 /J_\2 _ 360 X 22 + 1 _ 7921 ^ 
22 "^122/ ~ (22)2 — (22)2 5 

extracting the square root of 7921, we find it to be di^i 
therefore, 



V 22 "*" V22/ 



22 



Consequently, the plus value of x is. 



.^_^89^88__^ 
— 22 22 — 22 ' 

and the negative value is, 

_ J_ __ 89 _ _ 45^ 
"" 22 22 "■ 11' 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fi^action. 

Note. — ^Let the pupil be exercised in writing the roots, in 
Jie last five, and in the follo^ving examples, without com' 
pUting the square. 
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5. What are the vahics of x in the equation, 

3a:2 -I- 2a; — 9 = 76 ? 

A i aj' = 5. 

6. \VTiat are the values of a; in the equation, 

Son tt^ 
2a!»+8a!+7 = -f-'8 + ''^^^ 

Y. What are the values of a; in the equation, 

---+16 = --8aj+95i? 

Ans. ] . ~ ■ ^^_ 
( aj"= — 64}. 

8. What are the values of x in. the equation, 

05* 6a5 aJ a_ 

____8 = --Vx + 6i? 



( a' = 2. 



9. What are the values of a; in the equation, 



2 "^ 4 " 5 10 "^ 20 



A i a' = 1. 

(aj"= - 21. 



EXAMPLES OF THE SECOND FOBM. 

1. What are the vahics of x in the equation, 
aj* — 8a5 + 10 = 19? 
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By transposiug, 

052 « 835 = 19 — 10 = 9. 

then, by completing the square, 

852 - 805 + 16 = 9 + 16 = 26 ; 

and by extracting the root, 

05 — 4 = ± y^ = + 5, or — 5, 

Hence, 

aj' = 4 + 6 = 9, and aj" = 4 - 5 =; - 1, 

That is, in this form, the larger root, numerically, ii 
positive, and the lesser negative. 

VEBIFICATIOK. 

If we take the positive value of os, the equation, 

052 — 805 = 9, giyes (9)2 — 8 X 9 = 81 — 72 = 9; 

and if we take the negative value, the equation, 

052 - 805 = 9, gives (- 1)2 - 8 (- 1) = 1 + 8 = 9; 

from which we see that both roots alike satisfy the equa- 
tion. 

2. What are the values of os in the equation, 
052 05 052 

By dealing effractions, we have, 

6aj2 + 4o5 — 180 = 3052 + 1205 — 177 , 
and. by transposing and reducing, 

3052 — 805 = 3 ; 
and dividing by the coefficient of a;2^ we obtain, 

052 - ?a; = 1. 
10 "^ 3 *• -^ 
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Xben, by completing the square, we have, 

„ 8 , 16 , . 16 25 
3^9 ^9 9* 

and by extracting the square root, 

4 . /^ 5,5 

05 — 

Henco, 



«"5= =*=Vy= +3'^^-8 



oj'rs -4-- = 4-3, and a;" = = — -• 

YBHIFIGATION. 

For the positive root of as, the equation, 

g 

gives 32 — -x3 = 9 — 8 = 1; 



and for the negative root, the equation, 

/ ly 8_ 1 1,8 

8. What are the values of as in the equation, 

Clearing of fractions, and dividing by the coefficient of 
»\ we have, 
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Completing tlie square, we have, 

^2,1 ,, . 1 49 
a^-3« + 5 = H + - = -; 

then, by extracting the square root, we have, 

3 V 36 6 6 * 

hence, 

05' = - + - = - = 11, and a = - — T = — T« 
3^66*' 36 6 

VERIFICATION, 

If we take the positive root of a?, the equation, 
a^ - |« = IJ, 

gives (H)^-^X H = 2J^1 = U; 

and for the negative root, the equation, 

a' ~ 3^5 = U, ^ 

/ 5V 2 5 25 . 10 45 

^^^^ l-iJ-3^-6 = 36+i5 = 36 = ^* 



4. What are the values of a; in the equation, 
Aa^ — 2iB2 + 2aaj = 18a^ — 18^2 y 

By transposing, changing the signs, and dividing by 2, 
the equation becomes, 

flj* - 005 = 2a« — 9a^ + 9^^ . 
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whence, completing the square, 

852-005 + - =-i 9a» + 96*; 

4 4 



extracting the square root, 






9ft2. 



9^2 

Now, the square root oi — 9a5 + 9^^ is evidently 

-- — 3ft. Therefore, 
z 

o. iZa ^,\ - (aj'= 2a — 3ft. 

« = « ± I -;; 3ft I , and •( ., . ^, 

2 \ 2 /' (aj"= — a + 3ft. 

What will be the numerical values of a, if we suppose 
o = 6, and ft = 1? 

6. What are the values of a; in the equation. 



la; - 4 - a? -I- 2aj - ^ar« = 45 - 3aj2 + 4a;? 
o 5 



within 



!«' = '7.12 ) towitl] 
^'*^- («;''=- 6.73 f 0.01. 



0. What are the values of aj in the equation, 
8ar» — 14a} + 10 = 2aj + 34 ? 

7. What are the values of as in the equation, 



-- — 30 + a; = 2a! - 22 1 
4 



Ans, 



U' = 8. 
( aj" =. - 4. 



8. What are the values of aj in the equation, 

h 13i? 

A J a' = 9. 
.^'^•{a5"«-l. 



a?- 3a: + ~ = 9a; + 13J? 
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9. What are the values of sb in the equation, 
2aa; — aj2 = — 2a^ — 5^? 



j «' = 2a + ft. 



10. What are the values of a in the equation, 



a2 + ft2 — 2fta5 + a?* _ 



Ans. 



x' = —1 -\hn + ^/a^m^ + b^m^ — aWV 



EXAMPLES OP THE THIRD FORM. \ 

1. What are the values of x in the equation, 

aj2 4- 4a; = — 3 ? 
First, by completing the square, we have, 

aj2+4aj + 4 = — 3 + 4 = 1; 
and by extracting the square root, 

05+2= ±-/i = +1, and — 1; 
hence, x' =z — 2 + 1 = — 1; and a" = — 2 — 1 = — 3, 
That is, in this form both the roots are negative. 

VERIFICATION. 

If we take the first negative value, the equation, 
• aj2 + 4a; = - 3, 
^ves (- 1)2 + 4(- 1) = 1 - 4 = - 8 ; 

and by taking the second value, the equation, 
352 + 4a; = — 3, 
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gives (— 8)2 -|-4( — 3) = 9 — 12 = — 3; 

hence, both values of x satisfy the given equation. 

2. What are the values of as in the equation, 

- ^ ~ 6a! - 16 = 12 + ^82+605? 

By transposing and reducmg, we have, 
— sc» — llaj = 28 ; 
then, dividing by — 1, the coefficient of a;^, we have, 

a^ + 1105 = — 28; 
then, by completing the square, 

852+1135 + 30.25 = 2.25 ; 



hence, 05 + 6.5 = ±V2.25 = +1.5, and —1.5; 
consequently, a;' = — 4, and a5" = — 7. 

8. What are the values of as in the equation, 

- ^ - 2o5 - 6 = |aj2 + 6a! + 5 ? 
o o 



^-Y.—-l 



4. What are the values of 05 in the equation. 



2a52+ 8a5 = — 2| — ^a5? 



( as" = - 4. 



5. What are the values of x in the equktion, 

4a^l 



4aj2 + ?05 + 305 = - 1425 — 31 — 4^2? 
o 
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6. What are the values of oj in the equation, 

3 ^a^ 

4 2 



"'"'•1^'= -•- 



Y. What are the values of as in the equation, 

1 8 

-aj2 + »« + 20 = — -85* — llaj -- 60 ? 

Ans. •{,."" 

( a;" = — 10. 

8. What are the values of s; in the equation, 

Ix^-x + l = -oia-L^-i? 
6 2 ^62 

Ans. ] /,""""!' 
( a;" = - 8. 

9, What are the values of aj in the equation, 

10. What are the values of as in the equation, 

a; - a;* — 3 =: 6a; + 1 ? 

( as" = — 4. 

11. What are the values of as in the equation, 

«»+ 4a; — 90 = — 93? 

EXAMPLES OF THE FOUBTH FOBM. 

!• What are the values of x in the equation, 
a;2 — 8a; = - 7 ? 
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By completing the square, we have, 

as» - 8aj -h 16 = - 7 + 16 = 9; 
then, by extracting the square root, 

a — 4 = ± y^ = + 3, and — 8 ; 
hencej as' = + 7, and as" s= +1. 

That is, in this form, both the roots are positive. 

VERIFICATION. 

If we take the greater root, the equation, 
sc» - 8aj = — Y, gives, 7" - 8 x Y = 49 — 66 c= - 7; 
and for the lesser, the equation, 

ar* - Saj = - 7, gives, l^-Sxl = 1 — 8 = ~7; 
bcnce, both of the roots ^\t11 satisfy the equation. 

2. What are the values of a; in the equation, 

— Hx^ + 3a5 - 10 = IJa;' - 18a; + ^? 

2 

By dealing of fractions, we have, 

— Sar^ + 6aj - 20 = Sx^ - 36a5 + 40 ; 

then, by collecting the similar terms, 

- 6a;2 + 42a5 = 60 ; 

then, by dividing by the coefficient of x\ which is — 6, 
we have, 

a2 - 7a5 = - 10. 

By completing the square, we have, 

a? — 7a; + 12.25 = 2.25, 
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and by extracting the square n^ot of both members, 

X — 3.5 = ± ^2^ = + 1.5, and — 1.5 ; 
hence, 

aj' = 3.5 H- 1.5 = 5, and x" = 3.5 - 1.5 = 2. 

VERIFICATION. 

K we take the greater root, the equation. 
x2 - 7aj = - 10, gives, 5^ — 7 X 5 = 25 - 35 = - 10; 
and if we take the lesser root, the equation, 
a52 — 7aj = — 10, gives, 2^ — 7 x 2 = 4 — 14 = - 10. 

3. What are the valuer of aj in the equation, 

— 3aj + 2ar^ + 1 = iVji - 2a^ - 3? 
By transposing and collecting the terms, we have, 
4aj2 — 20|a5 = - 4 ; 
then dividing by the coefficient of ar^, we have, 

aj2 - 5lx = .- 1. 
By completing the square, we obtam, 

, ., .169 , . 169 144 

and by extracting the root, 

^5 " ' 5 



/l44 12 , 12 

a.^-2J= ±J--- = +_,and--; 



hence, 

a' = 2} + — = 5, and, jc" = 2| — - = -• 
u 5 5 

VERIFICATION. 

If we take the greater root, the equation, 
aj' — 5}a5 = — 1, gives, 5^ — 6^ x 5 = 25 — 26 = — 1 ; 
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and if we lake tLe lesser root, the equation, 
«^^5ia5=-l,gives,y-6iX-=---=-L 

4. Wliat are the values of a; in the equation, 

5. What are the values of a; in the equation, 

— 4aj2 — ?« + 1| = - 685* + 8aj? 

6. What are the values of a; in the equation, 

8 1 11 

1. What are the values of a: in the equation, 



a? — lOyVa: = - 1 ? 



. (a;' = 10. 



8. What are .he values of x in the equation, 

^ + 100 = ?^ 
6 ^ 6 



1 7a!* 2x^ 

- 21x H — - + 100 = — + 1205 — 26? 



( x" ■=- 6. 
9. Wlia^ are the values of x in the equation, 

22x + 15 = -- 

3 3 



82* Tt^ 

22aj + 15 = ^- + 28aj — 80 ? 



^^•IJ'= I: 
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10. Wliat are the values of sb in the equation, 

KX — XT' 



Pl\ ^PEETIES OF EQUATIONS OF THE SECOND DEGBEE. 
FIRST PROPERTY. 

1^1. We have seen (Art. 153), that every complete 
equation of the second degree may be reduced to the form, 

x^+ 2px z= q (1.) 

Completing the square, we have, 

x^ + 2jpx + p^ =1 q +p^l 

transposing q + p^ to the first member, 

a^+2px+p^'^ {q+p^) = 0. . (2.) 

Now, since x^ + 2px + p^ is the square of as + ^, and 
q '\- p^ the square of V^"+^, we may regard the first 
member as the difference between two squares. Factoring, 
(Art. 56), we have, 

(aj + /> + vT+i^) («+/>- V^+P^) = 0- • (3-) 

This equation can be satisfied only in two ways : 

1st. By attributing such a value to a; as shall render the 
first factor equal to ; or, 

161. To what form may every equation of the second degree be re- 
duced ? What form will this equation take after completing the square 
and transposing to the first member? After factoring? In how many 
ways may Equation ( S ) be satisfied ? What are they ? How many rootc 
has every equation of the second degree ? 
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2d. By attributing such a yalne to sb as shall i3Lder the 
second £u;tor equal to 0. 

Plaoing the second factor equal to 0, we have, 

x+p— y/q-^-j^ = 0; and a/ = — i>+ -^/q +p\ (4.) 

Placing the first factor equal to 0, we have, 



^ +i> + Vq-^P^ = 0; and SB" = —p - Vq+.p\ (5.) 

Since every supposition that will satisfy Equation ( 3 ), will 
also satisfy Equation ( 1 ), from which it was derived, it fol- 
lows, that a/ and a" are roots of Equation ( 1 ) ; also, that 

Every equation of the second decree lias ttoo roots, and 
only ttoo. 

Note. — ^The two roots denoted by aj' and a", are the 
same as found in Art. 158. 

SECOND PEOPEKTY. 

169. We have seen (Art. 161), that every equation of 
the second degree may be placed under the form, 



{X+P+ Vq+p^) (« +P - Vq+p^) = 0. 

By examining this equation, we see that the first factor 
may be obtained by subtracting the second root from the 
imknown quantity x ; and the second factor by subtracting 
thej^r^^ root from the unknown quantity x; hence, 

JEhery equation of tTie second degree may he resolved into 
two binomial factors of the first degree, the first terms, in 
both factors, being the unknown quantity, and the second 
terms, the roots of the equation, taken with contrary signs. 

162. Into how many binomial factors of the firsl degree may every 
equation of the second degree be resolTed ? What are the first terms of 
these factors ? What the second? 
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THIRD PROPBRTT. 



163. li' we add Equations (4) and (6), Art. 161, we 
have, 

a;' = — ^ + ^/q'+^ 



t^" 



= -1> - V^+p^ 



as' + aj" = — 2j9 ; that is, 

In every redttced eqttation of the second degree^ the sum 
of the two roots is eqital to the coefficient of the second term^ ' 
taken with a contrary sign. 



FOURTH PROPERTY, 



164. If we multiply Equations (4) and (6), Art. 161, 
member by member, we have. 



«' X a; '' = {-p+ V^+F") (-i> - V^+P") 
= p^ — (q +p^) = — q; that is, 
l7i every equation of the second degree^ the product of 
the two roots is equal to the known term in the second merr^ 
ber^ taken with a contrary sign. 



FORMATION OF EQUATIONS OF THE SECOND DEGREE. 

165. By taking the converse of the second property, 
(Art. 162), we can form equations which shall have given 
roots ; that is, if they are known, we can find the corre- 
sponding equations by the following 

RULE. 

L Subtract each root from the xmknovm quantity : 

163. What is the algebraic sum of the roots equal to in eTery equatioo 
of the sccoud degree ? 

164.. What is the product of the roots equal to? 

166. Uow will you find the equation when the roots are known t V 
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n. Multiply the results together^ and place their prodttd 
eqitcU to 0. 

BXAMPLES. 

Note. — ^Let the pnpil prove, in every case^ thak the roots 
will satisfy the third and fourth properties. 

1. If the roots of an equation are 4 and — 5, what is the 
equation ? Ans. sc* + as = 20. 

2. What is the equation when the roots are 1 and — 3 ? 

Arts. 85* + 205 = 3. 

3. What is the equation when the roots are 9 and — 10 ? 

Ans. 35* + 05 = 90. 

4. What is the equation whose roots are 6 and — 10 ? 

Ans. 05* + 405 = 60. 

6. What is the equation whose roots are 4 and — 3 ? 

Ans, 05* — 05 = 12. 

6. What is the equation whose roots are 10 and — yV ? 

Ans. 7? — 9/^05 = 1. 

7. What is the equation whose roots are 8 and — 2 ? 

Ans. 05* — 6o5 = 16. 

8. What is the equation whose roots are 16 and — 5 ? 

Ans. 05* — 1105 = 80 

9. What is the equation whose roots are — 4 and — 5 T 

Ans. 05* + 905 = — 20. 

10. What is the equation whose roots are — 6 and — 7 ? 

Ans. 05* + 1305 = — 42. 

11. What is the equation whose roots are — j and — 2 ? 

Ans. 05* + 2|o5 = — - • 
* 2 

12. What is the equation whose roots are — 2 and — 3 ? 

Ans. 05* + 505 = — 6. 
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13. What is the equation whose roots are 4 and 3 ? 

Ans. x^ — 7a5 = — 12,^ 

14. What is thi) equation whose roots are 12 and 2 ? 

Am. x^ - 14a5 = — 24, 

15. What is the equation whose roots are 18 and 2? 

Ans.. x^ — 2085 = — 86, 

16. What IP the equation whose roots are 14 and 3 ? 

Ana. ai2 — IVa; = — 42, 

4 9 

17. What is the equation whose roots are - and — t? 

65 
^ 36 

2 

18. What is the equation whose roots are 6 and — - ? 

A « 13 10 

3 3 

19. What is the equation whose roots are a and ft? 

Ans. a;2 — (a + h)x = — aft. 

20. What is the equation whose roots are c and — e?? 

Ans, 05* — (c — <?) 05 = cdL 



TRINOMLAL EQUATIONS OF THE SECOND DEGREE. 

165/ A trinomial equation of the second degree con- 
tains three kinds of terms : 

Ist. A term involving the unknown quantity to the second 
degr»>p. 

2d. A term involving the unknown quantity to the first 
degree; and 

3d. A known term. Thus, 

352 — 405 — 12 = 0, 
b a trinomial equation cf the second degree. 
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PACTOETNG. 

165«** What are the factors of the trinomial equation, 

a.2 — 4a5 — 12 = ? 

A trinomial equation of the second degree may iJways be 
reduced to one of the four forms (Art. 160), by simply trans- 
posing the known term to the sec/ond member, and then 
solving the equation. Thus, fi-om the above equation, we 
have, 

aj2 - 4aj = 12. 

Resolving the equation, we find the two roots to be -h 6 
and — 2 ; thefrefore, the factors are, a; — 6, and a; + 2 
(Art. 162). 

Since the sum of the two roots is equal to the coefficient 
of the second term, taken with a contrary sign (Art. 163); 
and the product of the two roots is equal to the kno^vn 
term in the second member, taken with a contrary sign, or 
to the third term of the trinomial, taken with the same 
sign : hence it follows, that any trinomial may be factored 
by inspection, when two numbers can be discovered whose 
algebraic sum is equal to the coefficient of the second term^ 
and whose product is equal to t/ie third term. 

EXAMPLES 

1. What are the factors of the trinomial, x^ — 9x — 36? 

It is seen, by inspection, that — 12 and -|- 3 will fulfil the 
conditions of roots. For, 12 — 3 = 9 ; that is, th-i co- 
effioftnt of the second term with a contrary sign ; and 
12 X — 3 = — 36, the third term of the tiinomial; hence, 
tlie factors are, 35 — 12, and 05-1-3. 

2. What are the factors of a^ — 7« — 30 = ? 

Atis, X — 10, and « -h 3 
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8. What are the factors of a^* + 15a; +36 == 0? 

Ans, X 4- 12, and a + 3. 
*. What are the factors of aj^ — 12aj — 28 = ? 

Ans. X — 14, and x + 2. 
6. What are the fectors of a;^ — 7a5 — 8 = ? 

Ans. 35 — 8, and x + 1. 
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ai2" + 2/w;» = q. 

In the above equation, the exponent of x^ in the first term, 
is double the exponent of a? in the second term. 

a* — 4^3 = 32, and a;* + 4aj2'= 117, 

are both equations of this form, and jnay be solved by the 
rules already given for the solution of equations of the 
second degree. 
In the equation, 

a?*" + 2/xB" = $', 

we see that the first member will become a perfect square, 
by adding to it the square of half the coefficient of a;" ; thus, 

aj^" + 2/w;" +p^ = ^ +P\ 

in which the first member is a perfect square. Then, ex- 
tracting the square root of both members, we ha^ e, 

a;" + J» = ± VF+^ ; 
hence, a* = — jo ± \/q + jp^; 

then, by taking the wth root of both members, 

and x" = V- P — V— P + />'. 
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EXAMPLES. 

1. What are the yalues of a; in the equation, 

(Kfi+ Qix^ = 112? 
Completing the square, 

«» + 6jb3 + 9 = 112 + 9 = 121; 
then, extracting the square root of both members, 
o^ + 8 r= ± -/m = ± 11 ; hence, 
a/ = y— 3 + 11, and x" = ^- 8 — 11; hence, 
05' = ^ = 2, and SB" = ^/^^Hi = - {^. 

2. What are the values of as in the equation, 

05* - 8aj« = 9 ? 
Completing the square, we have, 

85* — SsB^ + 16 = 9 + 16 = 25. 

Extracting the square root of both members, 

85* — 4 = ± -^25 = ± 6 ; hence, 

as' = ± -/4 + 5, and a5" = ± ^4 — 6; hence, 

05^ = + 3 and — 3 ; and a5^' = + -/— 1 and — i/— 1^ 

8. What are the values of a5 in the equation, 

a5« + 20053 = 69*? 
Completing the square, 

a5« + 20353 + 100 = 69 + 100 = 169. 
Extracting the square root of both members, 
a3 + 10 = ± yT69 = ± 18 ; hence, 
QBf = ^- 10 4- 13, and a5" = »/- 10 - 18. 
05^ = 0, and 05" = ^/^^^^. 



TKINOMIAL EQUATIONS. ' 235 

4. What are the values of aj in the equation, 

«♦ — 2aj2 = 3 ? 
Ans. x' =z :±z y^, and as" = ± -y^— 1, 

5. What are the values of aj in the equation, 

«»+ 8a^ = 9? 

Ans. a/ = 1, and aj" = ^— 9. 

6. Given x + y^ + 4 = 12, to find aj. 
Transposing x to the second member, and then squaring, 

9aj + 4 = a5« — 24aj + J44 ; 
.-. aj2 — 33a5 = — 140; 
and, a/ = 28, and a;" = 6. 

7. 405 + 4-/® + 2 = 7. -4/w. a/ = 4J, a5" = J. 

8. aj + yfx + 10 = 8. ^/w. aj' = 18, a/' = 3. 



KUMEKICAL VALUES OF THE EOOTS. 

166. We have seen (Art. 160), that by attributing all 
possible signs to 2p and g^ we have the four following 
forms: 

x^ + 2px = q. . . . . ( 1.) 
a;2 — 2jpa5 = S'. .... (2.) 
a^+ 2px =1 -- q. . . . . (3.) 
x^ — 2j9aj = ^ q (4.) 

166. To how many forms may every equation of the second degree bo 
teduced ? What are they ? 
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First Form, 

167. Since q is positive, we know, from Property 
Fouith, that the product of the roots must be negative; 
hence, the roots have contrary signs. Since the coefficient 
2/> is positive, we know, from Property Third, that the alge- 
braic sum of the roots b negative ; hence, th^ negative root 
is numericaUy the greater. 

Second Form. 

168. Since q is positive, the product of the roots must 
be negative; hence, the roots have contrary signs. Since 
2p is negative, the algebraic sum of the roots must be posi- 
tive ; hence, th^ positive root is numericaUy the greater. 

Third Form. 

169. Since q is negative, the product of the roots is 
positive (Property Fourth) ; hence, th^ roots have the same 
sign. Since 2/> is positive, the sum of the roots must be 
negative ; hence, both are negative. 

Fourth Form. 

170. Since q is negative, the product of the roots is 
positive ; hence, tJie roots have the same sign. Since 2/> is 
negative, the sum of the roots is positive ; hence, tlie roots 
are both positive. 

167. What sign has the product of the roots in the first form? IIow 
•re their signs? Which root is numerically the greater? Why ? 

1B8. What sign haS the product of the roots in the second form ? How 
are the signs of the roots? Which root is numerically the greater? 

1 69. \\ hat sign has the product of the roots in the third form ? Don 
are their sisf ns ? 

170. What sign has the product of the roots in the fourth form? How 
•re the signs of the roots ? 
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First and Second Forma. 

171. If we make g' = 0, the first fonn becomes, 

x^ + 2px = 0, or a;(sB + 2/>) = ; 

«rhich shows that one root is equal to 0, and the other to —2p. 

Under the same supposition, the second form becomes, 

x^ — ^px = 0, or x{x — 2/>) = 0; 

*'hich shows that one root is equal to 0, and the other to 
1p, Both of these results are as they should be ; since, when 
2', the product of the roots, becomes 0, one of the factors 
must be ; and hence, one root must be 0. 

Third and Fourth Forma. 

172. If, in the Third and Fourth Forms, q>p\ the 
quantity under the radical sign will become negative ; hence, 
ita square root cannot he extracted (Art. 137). Under this 
supposition, the values of x are imaginary. How are these 
results to be interpreted ? 

If a given number be dividexM into two parts^ their pro- 
dtict will be the greatest possible^ when the parts are equal. 

Denote the number by 2/?, and the difference of the parts 
by d\ then, 

jE? + - = the greater part, (Page 120.) 

d 
and, p "- - = the less part, 

d^ 
and, J52 _ _-- j>^ tjieir product. 



171. If we make y = 0, to what does the first form reduce? What, 
then, are its roots ? Under the same supposition, to what does the second 
form reduce ? What are, then, its roots ? 

1*72. If 9 > p', in the third and fourth forms, what takes place? 

If a number be divided into two parts, when will the product be the 
greatost possible ? 
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It is plain, that the product P will increase^ as d diminr 
ishesy and that it will be the greatest possible when c? = ; 
for then there will be no negative quantity to be subtracted 
from p\ in the first member of the equation. But when 
J = 0, the parts are equal ; hence, the product of the two 
parts is the greatest when th^y are equal. 

In the equations, 

V? + 2px = — g', aj* — 2px = — g', 

2p is the sum of the roots, and — q their product ; and 
hence, by the principle just established, the product q^ 
can never be greater than p\ This condition fixes a limit 
to the value of q. I^ then, we make q>p^i we pass txns 
limit, and express, by the equation, a condition which cannot 
be fulfilled ; and this incompatibility of the conditions is 
made apparent by the values of x becoming imaginary. 
Hence, we conclude that. 

When the values of the unknown quantity are imaghiary^ 
the conditions of the preposition are incompatible with 
each other. 

BXAICPLES. 

1. Find two numbers, whose sum shall be 12 and pro 
duct 46. 

Let X and y be the numbers. 

By the 1st condition, a; + y = 12 ; 

and by the 2d, ocy = 46. 

The first equation gives, 

aj == 12 — y. 

Substituting this value for x in the second, we have, 

12y - y2 = 46 ; 

and changing the signs of the terms, we have, 

y« - 12y «: — 46 



NUMERICAL VALUB OF THB BOOTS. 239 

Then, by completing the square, 

y2 _ i2y + 36 = — 46 + 36 = — 10; 



which gives, y' = 6 + -y/^^H^, 



and, y" = 6 — -/— 10; 

both of which values are imaginary, as indeed they dionld 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20 1 
what are the numbers ? 

Denote the numbers by x and y. 
By the first condition, 

aj + y = 8; 
and by the second, ay = 20. 

The first equation gives, 

as = 8 — y. 
Substituting this value of a; in the second, we have, 

8y - y2 = 20 ; 
changing the signs, and completing thejsquar^ we have, 

y2- 8y + 16 = -4; 
and by extracting the root, 

y' = 4 + -Z^^, and y" = 4 — -/"— 4. 
These values of y may be put under the forms (j\xt. 142), 
y = 4 + 2-/— 1> and y = 4 — 2-/— 1. 

8 What are the values of as in the equation, 
a52+ 2a5 = - 10? 

a;' = - 1 +3 V- !• 



( as" = - 1 - 



^^- ■ - - 8V_ 1. 
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PROBLEMS. 

1. Find a number Buch, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknown number. Then, the equation 
of the problem is, 

2aj» + 3aj = 66 ; 
whence! 

3 . /65 , 9 3 . 23 

Tlierefore, 

. 3 , 23 ^ , ., 3 23 13 
ar= = 6. and ar ' = — -— r — =: • 

Both these values satisfy the equation of the problem. 
For, 

2 X (SL)2 + 3 X 6 = 2 X 25 + 16 = 65 ; 



^ i-fi 



•nd, 21- -) + 8 X - - = — - - = — = 85. 



Notes. — 1. If we resti-ict the enunciation of the problem 
t<r its arithmetical iSense, in which " added " means numer- 
ical increase^ the first value of x only will satisfy the con- 
ditions of the problem. 

2. If we ^ve to "added," its algebraical signification 
(when it may mean subtraction as well as addition), the 
problem may be thus stated : 

To find a number such, that twice its square diminished 
by three times the number, shall give 65. 

The second value of x will satisfy this enunciation ; for, 
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3. The root which results from giving the plus sign to the 
radical, is, generally, an answer to the question in its arith- 
metical sense. The second root generally satisfies the pro- 
blem under a modified statement. 

Thus, in the example, it was required to find a number, 
of which twice the square, added to three times the num- 
ber, shall give 65. Now, in the arithmetical sense, added 
means increased ; but in the algebraic sense, it implies dimi- 
nution when the quantity added is negative. In this sense, 
the second root satisfies the enunciation. 

2. A certain person pm*chased a number of yards of cloth 
for 240 cents. If he had purchased 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard : how many yards did he buy ? 

Let X denote the number of yards purchased. 

Then, — will denote the price per yard. 

I^ for 240 cents, he had purchased three yards less, that 

is, CB -- 3 yards, the price per yard, under this hypothesis, 

240 
would have been denoted by • But, by the condi- 

tions, this last cost must exceed the first by 4 centa There- 
fore, we have the equation, 

240 240 



05 — 3 X 



= 4 



whence, by reducing; aj^ — 3a5 = 180, 



and, a; = - ± ^- 4- 180 = -^; 

therefore, »' = 15, and as" = — 12. 

Notes. — 1. The value, a;' = 15, satisfies the enunciation 
in its arithmetical sense. For, if 16 yards cost 240 cent8| 
11 
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240 -M 5 = 16 cents, the price of 1 yard ; and 240 -!- 12 = 2C 
cents, the price of 1 yard under the second supposition. 

2. Tlie second value of as is an answer to the following 
Problem : 

A certain person purchased a number of yards of cloth 
for 240 cents. If he had paid the same for thi*ee yards morey 
it would have cost him 4 cents less per yard: how many 
yaids did he buy? 

This would give the equation of condition, 
240 240 

sc^ — 3a! = 180; 

the same equation as found before ; hence, 

A single equation will often state two or more arith- 
metical problems. 

This arises from the fact that the language of Algebra is 
more comprehensive than that of Aiithmetic. 

3. A man having bought a horse, sold it for $24. At the 
sale he lost as much per cent, on the price of the horse, as 
the horse cost him dollars : what did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse. Then, aj — 24 will denote the loss he sustained. But 

as he lost X per cent, by the sale, he must have lost — - 

npon each dollar, and upon x dollars he lost a sum denoted 

3.2 
b> — ; we have, then, the equation, 

rgA 

— - = 05 — 24 ; whence, x^ — lOOas =r — 2400, 
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and, aj = 50 ± -/2500 — 2400 = 50 ± 10. 

Therefore, sc' = CO, and »" = 40. 

Both of these roots will satisfy the problem. 

For, if the man gave 860 for the horse, and sold him for 
$24, he lost $36. From the enunciation, he should have lost 
60 per cent, of $60 ; that is, 

60 ^ ^^ 60 X 60 

-— of 60 = — -— — = 36 ; 

100 100 ' 

therefore, $60 satisfies the enunciation. 

Had he paid $40 for the horse, he would have lost by the 
sale, $16. From the enunciation, he should have lost 40 per 
cent, of $40 ; that is, 

40 p ,^ 40 X 40 

-— of 40 = — --— -. = 16 ; 

100 100 ' 

therefore, $40 satisfies the enunciation. 

4. The sura of two numbers is 11, and the sum of their 
squares is 61 : what are the numbers? A718, 5 and 6. 

5. The difference of two numbers is 3, and the sum of their 
squares is 89 : what are the numbers ? Ans. 5 and 8. 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 25. a head on those he sold : 
how many did he buy ? Afis, 75. 

7. A merchant bought cloth, for which he paid £33 15.^., 
which he sold again at £2 85. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy? Ans, 15. 

8. The difference of two numbers is 9, and their simi, 
multi})lied by the greater, is equal to 266: what are the 
nnmbers? Ans. 14 and 5. 
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9. To find a number, such that if you subtract it fi'om 10, 
and multiply the remainder by the number itself, the pro- 
duct will be 21, A?is. 7 or 3. 

10. A person traveled 105 miles. If he had traveled 2 
miles an hour slower, he Mould have been 6 hours longer in 
completing the same distance : how many miles did he travel 
per hour ? Ans. 1 miles. 

11. A person purchased a number of sheep, for which he 
paid $224. Had he paid for each twice as much, plus 2 dol- 
lars, the number bought would have been denoted by twice 
what was paid for each : how many sheep were purchased ? 

Am. 32. 

12. The difference of two numbers is 7, and then- sum 
multiplied by the greater, is equal to 130 : what are tho 
numbers ? Ans, 10 and 3. 

13. Divide 100 into two such parts, that the sum of their 
squares shall be 6392. Ans, 64 and 36. 

14. Two square courts are paved with stones a foot square ; 
the larger court is 12 feet larger than the smaller one, and 
the number of stones in both pavements is 2120 : how long 
is the smaller pavement ? Ans, 26 feet. 

15. Two hundred and forty dollars are equally distiibuted 
among a certain number of persons. The same sum is agam 
distributed amongst a number greater by 4. In the latter 
case each receives 10 dollara less than in the former: how 
many persons were there in each case. Ans, 8 and 12. 

16. Two partners, A and B^ gained 360 dollars. A^s 
money was in trade 12 months, and he received, for prin- 
cipal and profit, 520 dollars. B^s money was 600 dollars, 
and was in trade 16 months: how mucli capital had A ? 

Ans, 400 dollars. 
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EQUATIONS INYOLTING MORE THAN ONE UNKNOWN QUANTITY. 

173. Two simultaneous equations, each of the second 
degree, and containing two unknown quantities, will, when 
combined, generally give rise to an equation of the fourth 
degree. Hence, only particular cases of such equations can 
be solved by the methods already given. 

FIRST. 

TiJDO simidtaneous equations^ involving two unknawn 
quantities^ can always be solved when one is of the first 
and the other of the second degree. 

EXAMPLES. 

1. Given l „ „ ^ r to find x and v. 
( a.2 ^ y2 __ 100 ) ^ 

By transposing y in the first equation, we have, 
as = 14 - y; 
and by squaring both members, 

aj2 = 196 — 28y + y\ 

Substituting this value for a^ in the second equation, we 
have, 

196 — 28y + y^ + y^ = 100; 

from which we have, 

y2 — 14y = — 48. 

By completing the square, 

y^ - 14y + 49 = 1 ; ' 

173. When may two simultaneous equations of the second degree *)• 
BoWed f 
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and by extracting tlie square root, 

y-7=±'/l = +l, and -1; 
hence, y' = 7 + 1 = 8, and y = 7 — 1 = 6. 

If we take the greater value, we find x = 6 ; and if we 
take the lesser, we find a; = 8. 



. ( a' = 8, a" = 6. 
( y' = 6, y'' ^ B 



VERIFICATION. 

For the greater value, y = 8, the equation, 

a + y = 14, gives 6 + 8 = 14 ; 
and, a? + y* = 100, gives 36 + 64 = 100. 
For the value y = 6, the equation, 

a + y = 14, gives 8 + 6 = 14; 
and, a;2 ^ y2 -_ iqo, gives 64 + 36 = 100. 
Hence, both sets of values satisfy the given equation. 

2. Given i ,"","" , ^ f to find x and y. 
( 05^ — y2 = 45 ) ^ 

Transposing y in the first equation, we have, 
« = 3 + y; 
then, squaring both members, 

a;2 = 9 + 6y + y\ 

Substituting this value for cc", in the second equation, we 

have, 

9 + 6y + y2-y« = 45; 

whence, we have, 

6y ■= 36, and y = 6. 
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Substituting this value of y, in the first equation, we have, 
35 — 6 = 3, 
and, consequently, as' = 3 + 6 = 9. 

VERIFICATION. 

05 — y = 3, gives 9 — 6 = 8 ; 
and, 052— 2/2 -_ 45^ gives 81 — 36 = 45. 

Solve the following simultaneous equations : 

^- \ 052- y^=24\ ^''^- j / = 5. 

(05 — y= 3) J f05'=9, 05"= — 6. 

*• I 052+ y2 ^ 117 r ^^'- j y' = 6, y''= - 9. 

f 05 + y = 9 J , f 05' = 6, "= 5. 

^' I 052- 205y + y2 = 1 f ^^^- I y' = 4, y''= 4. 

ro5-y = 5 1 

( 052+ 2o;y + y2 = 225 f 

(05^= 10, 05"= - 5. 
^-^•iy'= 5, y-=-10. 

SECOND. 

174. Two simultaneous equations of the second degree^ 
which are homogeneous with respect to the unknown quan- 
tity^ can always he solved, 

EXAMPLES. 

, /-.. (052+ 3o;y = 22 (1.) 

1- Given |^3+3^^ + 2y2 = 40 .... . (2.) 

to find 05 and y. 

174. When may two simultaiieous eqvations of the second degree b« 
solved ? 
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Ai^nme as r= f y, t being any auxiliaiy nnknown qnanthy. 
Substituting this value of a in Equations ( 1 ) and ( 2 ), 
we have, 

22 



i*y'+ Sty*= 22, 


^ - fi+St' 


(3.) 


fiy*+ 8«y« + 2y»= 40, 


„, 40 . 


(4.) 


* f2 ^. 3^ ^. 2 » 


^^""^ «* + 3« = 


40 




fi+ 3t + 2' 




henoe, 22<* + 66t + 44 = 


iOfi + 120<; 





22 
reducing, <* + 3^ = — ; 

2 11 
whenoe, ^' = -, and ^''= — — • 

3 o 

Substituting either of these values in Equations ( 3 ) or 
(4), we find, 

y' = + 3, and y" = - 3 

Substituting the plus value of y, in Equation ( 1 ), we 

have, 

a? + 9a; = 22 ; 

from which we find, 

a/ = + 2, and aj" = — 11. 

If we take the negative value, 2^" = — 3, we ha/e, 
from Equation ( 1 ), 

352 — 9a; = 22 ; 
from which we find, 

as' = + 11, and a;" = — 2. 

VERIFICATION, 

For the values y' = +3, and a;' = + 2, the giv^ 
equation, 

x^ -f- 3ay =» 22, 
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gives, 22 +3X2X3 = 4+ 18 = 22; 

and for the second value, as" = — 11> the same equation, 

Qi? -\- 3ajy = 22, 
gives, (— 11)2+ 3 X — 11 X 3 = 121 - 99 = 22. 

If, now, we take the second value of y, that is, y" = — 3, 
and the corresponding values of a, viz., x' = +11, and 
a" = —2; for a;' = +11, the given equation, 

7? + 3iBy = 22, 
^ves, 112 + 3 X 11 X - 3 = 121 - 99 = 22; 
and for as" = — 2, the same equation, 

a;2 + 3icy = 22, 

^ves, (— 2)2 + 3 X - 2 X - 3 = 4 + 18 = 22. 

The verifications could be made in the same way by em- 
ploying Equation ( 2 ). 

Note. — ^In equations similar to the above, we generally 
find -but a single pair of values, corresponding to the values 
in this equation, of y' = + 3, and a;' = +2. 

The complete solution would give four pairs of values. 
( 2/^ — ay = 6 J ( y = 6. 

2aj2 + 3a^ = 470 ) j as = 10. 



4. 



r2^^+3a^= 470^ AnsA^ ^ ^^ 

f 5xy - 3y2 = 32 ^ ^n^ j ^ = ^• 

] aJ' F 2/2 + 3a^ ^ 71 ^ • ] y = 1. 
11* 
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THIRD. — ^PAKTICULAR CASES. 

175. Many other equations of tlie second degree may be 
80 transformed, as to be brought under the rules of solution 
already i^iven. The seven following formulas will aid in 
Huch transformation. 

(I.) 

When the sum and difference are known: 

SB + y = « 
aj — y = ^. 

Then, page 132, Example 8, 

8 -\' d 1,1, . 8 --d 1 1, 

X = -^ = -8 + -(?, and y = -^ = -8^-d. 

(2.) 
When the sum and product are known: 

x+ f/ == 8 (1.) 

ay = JP (2.) 

x^ + 2xy + y2 -- ^2^ ^y squaring ( 1 ) ; 
Axy = 4jt), by mult. ( 2 ) by 4. 

«* — 2xy + y^ = s^ — 4^?, by subtraction. 



aj — 2/ = ± V«^ — ^P^ ^y ®^*« root. 
But, aj + y = 5 ; 

hence aj = - ± - \^8'^ — Ap • 



2^2 



and, 2/ = 2 "^ 2 V«^~~^- 



Third? Fourth? Fifth? Sixtli ? Seventh? 
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(3.) 

When the difference and product are known: 

a - y = (7 (1.) 

xy — p (2.) 

a? — 2xy + y2 = d\ by squaiiiig ( 1 ) ' 

4ajy = 4p, mult. ( 2 ) by 4. 

9? + 2xy + y^ = d^ + 4/?, by adding. 

x + y = ± V^ + 4p 
x — y=i d 



X = jsd± i V^M-lp. 
y = - i(7 ± J y^d^ + 4p. 

When the sum of the squares and product are known . 
852 + 2/2= 5. . (1.) xy=p..{2.) .\2xy =z2p..{d.) 

Adding ( 1 ) and ( 3 ), x^ + 2xy + y^ = s + 2p; 
hence, aj + y = ± y^5 + 2p (4.) 

Subtracting (3) from ( 1 ), x^ — 2xy + y^ =z $ —2p ; 
hence, as — y = =t ^s — 2p (6.) 

Combining (4) and (6), a; = ^^/s + 2p + \^/s — 2p^ 
ftnd, y = \^8 + 2p — \^8 — 2p. 

(5.) 

When the sum and sum of the squares are known: 

X + y =: 8 . . . . c ( 1.) 

352 + 2/2 = 5' (2.) 

ofi + 2xy + 2/2 = s2 \yj squaring ( 1 ) 
2xy = 52 _ 5' 

52 — 5' 
wy = — ^— =i>. . (3.) 
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B7 patting xy =Pf and combining Equations (1) and 
( 3 ), by Formula (9), we find the yalues of x and y. 

(6.) 
When the sum and sum of the cubes are known : 

« + y = 8 . • . . (1.) 

«j8+y3= 152 . . . . (2.) 

«• + 8sB»y + 3ay» + j^ — 512 by cubing (1). 

SsB^ + 3ay* = 860 by subtraction. 

Zxy{x + y) = 360 by fikctoring. 

3xy(8) = 360 from Equa. ( 1 ). 

2ixt/ = 360 

hence, sey = 15 • . • . (8.) 

Combining (1) and (8), we find a; = 5 and y = 8 

When we have an equation of the form, 
(« + y)» + (as + y) = ?. 
Let us assume as + y s= & 

Then the given equation becomes, 

i^ + « = g; and'a = -ii^y + i. 



« + y = "^±\A+i' 



BXAKPLEB. 

a»= y» (1) 



( a»= y» (1)) 

I. Given ^85 + y + 2 = 7 (2) >tofinda5,y,and«» 
(tJ»+ya+8j»= 21 (8)) 
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Transposing y in Equation ( 2 ), we have, 

» 4- 2 = V — y; . • . (4.) 
then, squaring the members, we have, 

02 + 2a» + s2 == 49 — 142^ + y\ 

If now we substitute for 2iez, its value taken from Equa- 
tion ( 1 ), we have, 

»2 + 2y2 + «« =r 49 — 14y + y^ ; 

and cancelling y^^ in each member, there results, 

a^ + y* + s2 = 49 - 14 y. 

But, from Equation ( 3 ), we see that each member of the 
last equation is equal to 21 ; hence. 





49 - 14y = 21, 


and? 


14y = 49 — 21 = 28 , 


hence. 


28 
V = — = 2. 

y 14 



Substituting this value of y in Equation (1 ), gives, 
a:8S = 4; 
and substitutmg it in Equation (4 ), gives, 

aj + 2 = 6, or aj = 6 — 2. 

Substituting this value of a;, in the previous equation, we 

obtain 

52 — s* = 4, or 2* — 5a = -r- 4 ; 

and by completing the square, we have, 

g2 - 6a + 6.25 = 2.5. 

and, a — 2.5 = ± ^/2^ = + 1.5, or — 1.5 

hence, a = 2.5 + 1.5 = 4, and a =+ 2.5 — 1.6 = 1 
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2.Givcn ^+ V^ + y = 19 ) ^ 

and «2 H- ay H- y2 = 133 ) ^ 

Dividing the second equation by the first, we have, 

X — yfxy + y = 7 

but, X + V^ + y = 19 

hence, by addition, 2» + 2y = 26 

or, a + y = 13 

and substituting in Ist Equa., -y/xy + 13 = 19 
or, by transposing, y^ = 6 

and by squaring, xy = 36. 

Equation 2d, is a? + ay + y^ = 133 

and from the last, we have, ^xy = 108 

Subtracting, ^ — 2a;y + y* = 25 

hence, » — y = ±5 

but, a; + y = 13 

hence, = 9 and 4; and y = 4 and 9. 



PROBLEMS. 

1. Find two numbers, such that their sum shall be 15 and 
the sum of their squares 113. 

Let X and y denote the numbers ; then, 

a; + y = 15, (1.) and ar^ + y^ = 113. (2.) 

From Equation ( 1 ), we have, 

052 = 225 — 30y + y2 

Substituting this value in Equation ( 2 ), 

226 - 30y -\- y" -^ y^ = 118; 
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hence, 2i/^ — 30y = — 112 ; 

2/2 _ 15y = - 66, 

hence, y' = 8, and y" = 7. 

The first value of y being substituted in Equation ( 1 ), 
gives a;' = 7 ; and the second, jb" = 8. Hence, the num^ 
bers are 7 and 8. 

2. To find two numbers, such that their product added to 
their sum shall be 1 7, and their sum taken fi-om the sum of 
their squares shall leave 22. 

Let X and y denote the numbers; then, from the con- 
ditions, 

{x + y) +ccy = 17. ... (1.)- 

x' + y^- (x + y) =z 22. . . . (2.) 
Multiplying Equation ( 1 ) by 2, we have, 

2xy + 2(x + y) = 34. ... (3.) 
Adding (2) and (3), we have, 

a;2 + 2xy + y^ + (x + y) = 56; 

hence, {x -f yY + (cc + y) = 66. . . (4.) 

Regarding {x + y) as a single unknown quantity (page 
248), 

a + y = - ^ ± \/^+ ^ = »• 
Substituting this value in Equation ( 1 ), we have, 

7 + ccy = 17, and y = 6. 
Hence, the numbers are 2 and 6. 

3. What two numbers are those whose sum is 8, and sum 
of their squares 34 ? Ans. 6 and 3. 
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4. It is required to find two such numbers, that the first 
shall he to the second as the second is to 16, and the sum ol 
whose squares shall be 225 ? Arts, 9 and 12 

6. What two numbers are those which are to each othei 
as 3 to 6, and whose squares added together make 1666 ? 

Ans, 21 and 35. 

6. There are two numbers whose difference is 7, and half 
Iheir product plus 30 is equal to the square of the less 
number: what are the numbers? Ans. 12 and 19. 

7. What two numbers are those whose sum is 5, and the 
loim of their cubes 35 ? Ans. 2 and 3. 

8. What two numbers are those whose sum is to the 
greater as 11 to 7, and the difference of whose squares is 
132 ? Ans. 14 and 8. 

9. Divide the number 100 into two such parts, that the 
product may be to the sum of their squares as 6 to 13. 

Ans. 40 and 60 

10. Two persons, A and B^ departed fi:om different placesj 
at the same time, and traveled towards each other. On 
meeting, it appeared that A had traveled 18 miles more 
than B ; and that A could have gone Bs journey in 15 J 
days, but B would have been 28 days in performing A^s 
journey : how far did each travel ? . S A. 12 miles. 

( By 54 miles. 

11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the lesser number: 
what are those numbers ? Ans. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the less, is equal to 12 ? 

Ans. 4 and 7, or fy^ and V V^» 
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13. Divide 100 into two such parts, that the sum of their 
Bquare roots may be 14. A?is. 64 and 36. 

14. It is required to divide the number 24 into two such 
parts, that their product may be equal to 35 times their dif- 
ference. Ans, 10 and 14. 

] 5. The sum of two numbers is 8, and the sum of their 
cubes is 152 : what are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; the 
second sold 3 yards more of it than the first, and together 
they receive 35 dollars. The first said to the second, " I 
would have received 24 dollars for your stuff;" the other 
replied, "And I should have received 12 J dollars for yours :" 
how many yards did each of them sell ? 

. ( 1st merchant a' = 15, aj" = 5. 

^"^'iii « y' = l8, *'•' y"=8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest in such a manner 
that the incomes from them were equal. If she had put out 
the first portion at the same rate as the second, she would 
have drawn for this part 360 dollars interest ; and if she 
had placed the second out at the same rate as the first, she 
would have drawn for it 490 dollai*s interest : what were 
the two rates of interest ? Ans. 1 and 6 per cent. 

18. Find three numbers, such that the difference between 
the third and second shall exceed the difference between the 
second and first by 6 ; that the sum of the numbers shall be 
33, and the sum of their squares 467. 

Ans. 5, 9, and 19. 

19. What number is that which, being divided by the 
product of its two digits, the quotient will be 3 ; and if 1 8 
be added to it, the resulting number will be expressed by 
the digits inverted ? Ans, 24. 
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20. Wliat two numbers are those which are to each other 
as 7/1 to », and the sum of whose squares is 6 ? 

my/b 9i\/b 



Ans, 



21. What two numbers are those which are to each other 
as m to fly and the difference of whose squares is 5 ? 

Ans. —7==, ^-z : • 

22. Required to find tliree numbers, such that the product 
of the first and second shall be equal to 2 ; the product of 
the first and third equal to 4, and the sum of thQ squares 
of the second and thii'd equal to 20. Ans, 1, 2, and 4. 

23. It is required to find three numbers, whose sum shall 
be 08, the sum of their squares 634, and the difference 
between the second and first greater by 7 than the difference 
between the third and second. Ans, 3, 15, and 20. 

24. Required to fincl three numbers, such that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to b ; and the sum of the squares 
of the second and third equal to c. 



Ans, 



= w^ 



6» 






62 



25. What two numbers are those, whose sum, multiplied 
by the greater, gives 144 ; and whose difference, multiplied 
ijy the less, gives 14 ? Ans. 9 and 7. 
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CHAPTER IX. 

OF PEOPOETIONS AND PROGRESSIONS. 

176; Twc quantities of the same kind may be compared, 
the one with the other, in two ways : 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3, by 9; 
and in companng them together with respect to their quo- 
tient, we find that 12 contains 3, four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arithr 
metical Proportion^ and the second. Geometrical Propor- 
tion, 

Hence, Arithmetical Proportion considers th^ relation of 
quantities with respect to their difference^ and Geometrical 
Proportion the relation of quantities with respect to their 
quotient, 

176. In how many ways may two quantities be compared the one with 
the other? What does the first method consider? What the second? 
What is the first of these methods called? What is the second called? 
How then do you define the two proportiong? 
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OP ARirnMETICAL PROPORTION AND PROGRESSION. 

177. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to 
the difference between the third and fourth, these numbers 
are said to be in arithmetical proportion. The first term 2 
is called an antecedent, and the second term 4, with which 
it is compared, a consequent. The number 8 is also called 
an antecedent, and the number 10, with which it is com- 
pared, a consequent. 

When the difference between the first and second is equa] 
to the difference between the third and fourth, the four 
munbers are said to be in proportion. Thus, the numbers, 
2, 4, 8, 10, 

are in arithmetical proportion. 

178. When the difference between the first antecedent 
and consequent is the same as between any two consecutive 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression by differences^ 
or an arithmetical progression, is a series in which the suc- 
cessive terms are continually increased or decreased by a 
constant number, which is called the common difference of 
the progression. 

Thus, in the two series, 

1, 4, 7, 10, 13, 16, 19, 22, 26, . . . 
60, 66, 62, 48, 44, 40, 36, 32, 28, . • . 

' 177. When are four numbers in arithmetical proportion ? What is the 
first called? What is the second called? What is the third called? 
What is the fourth called ? 

178. What is an arithmetical progression ? What is the number called 
by which the terras are increased or diminished ? What is an increasing 
progression ? What is a decreasing progression? Which term is only 
au antecedent? Which only a consequent? 
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the first is called an increasing progression^ of which the 
common difference- is 3, and the second, a decreasing pro^ 
gression^ of which the common difference is 4. 

In general, let a, ^, c, c?, e, /*, ... denote the terms of 
a progression by differences ; it has been agreed to write 
them thus : « 

a»b,c,d,e,f,g,h»i,k,, , 

Tliis series is read, a is to J, as h is to c, as c is to d^ as d 
is to e, &c. This is a series of continued equi-differences^ in 
which each term is at the same time an antecedent and a 
consequent, with the exception of the first term, which is 
only an a7itecedenty and the last, which is only a consequent. 

179. Let d denote the common difference of the pro- 
gresion, 

a.b.c.e.f.g,h, &c., 

which we will consider increasing. 

From the definition of the progression, it evidently fol 
lows that, 

h z=z a + d^ c = 6 + (?=a + 2c?, 6 = c + rf=a + 3c?; 

and, in general, any term of the series is equal to t?ie first 
term^ plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it ; the expression for this general term is, 

^ = a 4- (w — l)d. 

Hence, for finding the last term, we have the following 

179. Give the rule for finding the last term of a series when the pro- 
gression is increasing. 
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BULE. 

I. 3fultq)hj the common difference hy the number o/ 
terms less one: 

n. To the product add th^first term ; t/ie sum wiU be 
the last term, 

EXAMPLES. 

The fonuula, 

/ = a + (w — IK 

serves to find any term whatever, without determming all 
those which precede it. 

1. If we make n = 1, we have, / = a ; that is, the 
series will have but one term. 

2. If we make w = 2, we have, I = a -f J ; that is, 
the scries will have two tenns, and the second term is equal 
to the first, plus the common difference. 

3. If a = 3, and {? = 2, what is the 3d term? 

Ans. 7. 

4. K a = 6, and ' {? = 4, what is the 6th term*? 

Ans, 25. 

6. If a = Y, and {? = 5, what is the 9th term ? 

A71S. 47. 

6. K a = 8, and rf = 5, what is the 10th temi ? 

Ans, 63 

7. If a = 20, and rf = 4, what is the 12ih term? 

Ans, 64. 

8. If a = 40, and d = 20, what is the 60th term ? 

Ans, 1020. 

ft If a = 45, and d = 30, what is the 40th torm ? 

Ans. 1215. 



ARITHMETICAL PKOGliKSSIOlT ^ *J03 

10. If a = 30, and d = 20, what is the 60th term? 

Ans, 1210. 

11. If a = 60, and d = 10, what is the 100th terai? 

Ans. 1040. 

12. To find the 50th term of the progression, 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . . 
vre have, ^=1+49x3 = 148. 

13. To find the 60th term of the progression, 
1 . 5 . 9 . 13 . 17 . 21 . 25 . . . 
we have, Z=l + 59x4 = 237. 

180. If the progression were a decreasing one, we 
should have, 

Z = a — (/I — V)d, 

Hence, to find the last term of a decreasing progression, we 
have the following 

BULE. 

I. Multiply the common difference hy the number ofterma 
less one : 

n. Subtract the product from the first term ; the re- 
mainder will be the last term. 

EXAMPLES. 

1. The first temi of a decreasing progression Is 60, the 
number of terms 20, and the common difierence 3 : what is 
tlie last term? 

/=a--(n — 1)^, gives Z= 60 — (20— 1)3 = 60 -57 = 3. 

ISO. Give the rule for finding the last term of a series, ^ hen the pro- 
gression is decreasing. 
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2. The first term is 90, the common difference 4, and the 
number of terms 15 : what is the last term ? j4.7i3, 34. 

3. The first term is 100, the number of terms 40, and the 
common difference 2 : what is the last term ? Ana, 22. 

4. The first term is 80, the number of terms 1 0, and the 
conmion difference 4 : what is the last term ? Ans, 44. 

6. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term? 

Ans. 402. 

ISl. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms^ taken at 
equal distances from the two extremeSy is equal to the sum 
of the two extreme. 

That is, if we have the progression, 

2 . 4 . 6 . 8 . 10 . 12, 
we wish to prove generally, that, 

4 + 10, or 6 + JB, 
is equal to the sum of the two extremes, 2 and 12. 

Let a.h.c,e.f... i . k . l^ be the proposed 
progression, and h the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

181. In every progression by differences, what is the sum of the two 
extremes equal to ? What is the rule for finding the sum of an arith 
metical series f 
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X =z a + p X dj 
and, t/ = I — i> X rf; 

whence, by addition, aj + y = a + /, 
-wliicli proves the proposition. 

Referring to the previous example, if we suppose, in the 
first place, x to denote the second teim 4, then f/ will de- 
note the term 10, next to the last. If x denotes the third 
term 6, then y will denote 8, the third term from the last. 

To apply this principle in finding the sum of the terms 
of a progression, write the terms, as below, and then 
again, in an inverse order, viz.: 

I . k . i c.&.a. 

Calling S the sum of the terms of the first progression, 
2S will be the sum of the terms of both progressions, and 
we shall have, 

2S={a+r) + {b+k) + {<^+t) ' . . +{i+c)+{k+b) + {l'\-a). 

Now, since aU the parts, a + l^ b + k^ c + i . . . sxe 
equal to each other, and their number equal to n, 

25 = (a + X n, or 8 = i^-^^J X n. 

Hence, for finding the sum of an arithmetical series, we 
have the following 

RULE. 

I. Add the two extremes together^ and take half their sum : 
n. Multiply this half-sum by the number of terms; the 
product wiU be the sum of the series. 
12 
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EXAMPLES. 

1. The extremes are 2 and 16, and the number of tcrmi 
8 : what is the sum of the series ? 



S = (—^) X n, gives S = —~— X 8 = 



72. 



2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ? Ana. 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series ? Ans. 12000. 

5. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series ? Ans, 6600, 

6. The extremes are 800 and 1200, and the number of 
terras 60 : what is the sum of the series? Ans, 60000. 

1§2. In arithmetical proportion there are five members 
to be considered : 

1st. The first term, a, 

2d. The common difference, d, 

3d. The number of terms, n, 

4th. The last term, I. 

6th. The sum, S. 

The formulas, 

I = a+ {n - l)d, and /Sf = (^^-j-^) X w, 

contain five quantities, a, d, n, ^, and Sy and consequently 
give rise to the following general problem, viz. : Any three 

182. How many numbers are considered in arithmetical proportion? 
What are they ? In every arithmetical progression, what is the commoii 
difference equal to f 
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of these five quantities being given^ to determine the other 
two. 

We already know the value of aS in terms of a, n^^'and L 
From the formula, 

I = a + {n — l)c?, 
we find, a = / — (?z — l)d. 

That is : Th^ first term of an increasing arithmetical pro- 
gression is equal to the last term, minus tJie product of the 
common difference by the number of terms less one. 

From the same foimula, we also find, 

I — a 



d = 



n — 1 



That is': In any arithmetical progression, the common dif 
ference is equal to the last term, minus tJie first term, divided 
by the number of term^ less one. 

The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 

I — a 
The formula, d = 



n - 1 



^ 16-4 
gives, d = — -^ — = 3. 

2. The last term is 22, the first term 4, and the nupiber 
of terms 10 : what is the common difference? Ans. 2. 

183. The last principle affords a solution to the follow* 
ing question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

183. How do you find anj number of arithmetical means between two 
given numbers t 
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To resolve tliis question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, h as the last tenn, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, h for l^ and 
m 4- 2 for w, it becomes, 

___ h — a h — a ^ 

■" f?i + 2 — 1 ~ wTTl ' 

that is : The common difference of the required progression 
is obtained by dividing the difference betxoeen the given 
numbers^ a and b, by the required number of means plus one. 

Having obtained the common difference, <f, form the second 
term of the progression, or the first arithmetical mean^ by 
adding d to the first term a. The second mean is obtained 
by augmentmg the first mean by c?, &c. 

1. Find three arithmetical means between the extremea 
2 and 18. 

The formula, d = -— , 

m -f- 1 

ji 18-2 , 

gives, d = — ~ = 4 ; 

hence, the progression is, 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77. 

The formula, - rf = -— , 

m + 1 

- 77-12 
gives, d =. — ^ — = 6 ; 

hence, the progression is, 

12 . 17 . 22 . 27 ... 77. 
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184. Remark. — If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form one and the same progression. 

For, let a . b . c , e ,f. . . be the proposed progression, 
and m the number of means to be inserted between a and 
by b and c, c and e . . . . &c. 

From what has just been said, the common difference of 
each pai'tial progression will be expressed by 

b — a c — b e — c 



expressions which are equal to each other, since a, J, c . . . 
are in progression ; therefore, the common difference is the 
same in each of the partial progressions ; and, since the last 
term of the first foiTns the first term of the second, &c., we 
may conclude, that all of these partial progressions form a 
single progression. 

EXAMPLES. 

1. Find the sum of the first fifty tenns of the progression 
2 . 9 . 16 . 23 . . . 

For the 50tli tenn, we have, 

^ = 2 + 49 X 7 = 345. 

50 
Hence, /S = (2 + 345) x — = 347 X 25 = 8675. 

2. Find the 100th tenn of the series 2 . 9 . 16 . 23 

Alls, 695. 

8. Find the sum of 100 terms of the series 1.3.5.7. 
9,.,. Ans. 10000. 



270 ELTMENTART ALOEBKA. 

4. The greatest term is "^0, the comraon difference 3, and 
the number of terms 21 : what is the least term and the 
Bmn of the series ? 

Ana. Least term, 10 ; smn of series, 840. 

5. The first term is 4, the common difference 8, and tho 
number of terms 8 : what is the last term, and the sum of 
the series ? Ans. j Last term, 60. 

t Sum = 256. 

6. The first term is 2, the last term 20, and the number 
of tenns 10 : what is the common difference ? Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? Ans, 4 . 7 . 10 . 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. Ans. 140. 

9. La a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5 ; number of terms, 31. 

10. Find nine arithmetical means between each antecedent 
and consequent of the progression 2. 5. 8. 11. 14... 

Ans. Common diff., or J = 0.3. 

11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the w**, which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to w inclusively. 

Ans. S = !i^ti). 
2 

12. Find the sum of the n first terms of the progression 
of uneven numbers, 1.3.6.7.9,... Ans. S •= n\ 
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13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how fer will 
a person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 



GEOMETRICAL PKOPORTION AND PROGRESSION. 

185. Ratio is tlie quotient arising from dividing one 
quantity by another quantity of the same kind, regarded 
as a standard. Thufi, if the numbers 3 and 6 have the same 
unit, the ratio of 3 to 6 will be expressed by 

And in general, if ^ and B represent quantities of the same 
kind, tlie ratio of ^ to jB mil be expressed by 

B 

A' 

186. The character oc indicates that one quantity is 
proportional to another. Thus, 

A oc B, 
is read, A proportional to B. 

K there be four numbers, 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

185. What is ratio ? What is the ratio of 3 to 6 ? Of 4 to 12 ? 

186. What is proportion? How do you express that four numbera 
are in proportion? What are the numbers callnd? What are the first 
and fourth terms ciUed ? What the second and third ? 
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said to form a proportion. And in general, if there be fbni 
quantities, A^ 2^, 6\ and 2>, having such values that, 

-B _ ^ 

A '' G' 

then, A is said to have the same ratio to JS that C has to 2>; 
or, the ratio of -4. to -B is equal to the ratio of C to 2>. 
When four quantities have this relation to each other, com- 
pared together two and two, they are said to form a geo- 
metrical proportion. 

To express that the ratio of -4 to ^ is equal to the ratio 
of (7 to 2>, we write the quantities thus, 

A : B :: C : JD; 

and read, ^ is to ^ as Cto D. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the ttoo extremes^ and the second and third 
terms, the ttoo means. Thus, A and JD are the extremes, 
and S and C the means. 

187, Of four terms of a proportion, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and £ and D the con- 
sequents. 

188. Three quantities are in proportion, when the first 
has the same ratio to the second that the second has to the 

187. In four proportional quantities, what are the first and third called F 
What the second and fourth ? 

188. When are three quantities proportional? What is the middle one 
called! 
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# 

thii'd ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

189. Four quantities are said to be in proportion by in^ 
version^ or inversely, when the consequents are made the 
antecedents, and the antecedents the consequents. 

Thus, if we have the proportion, 

3 : 6 : : 8 • 16, 
the inverse proportion would be, 

6 : 3 : : 16 . 8. 

190. Quantities are said to be in proportion by alterna- 
tion, or alternately, when antecedent is compared with ante- 
cedent, and consequent with consequent. 

Thus, if we have the proportion, 

3 : 6 : : 8 : 16, 

the alternate proportion would be, 

3 : 8 : : 6 : 16. 

191. Quantities are said to be in proportion by compo- 
sition, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent 

Thus, if we have the proportion, 

2 : 4 : : 8 : 16, 

189. When are quantities said to be in proportion by inversion, or in 
Tersely ? 

190. When are quantities in proportion by alternation? 

191. When are quantities in proportion by composition? 

12* 
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the proportion by composition would be, 

2 + 4 : 2 : : 8 + 16 : 8 ; 
and, 2 + 4 : 4 : : 8 + 16 : 16. 

192. Quantities are said to be in proportion by division^ 
when the difference of the antecedent and consequent ia 
compared either with antecedent or consequent. 

Thus, if we have the proportion, 

3 : 9 : : 12 : 36, 
the proportion by division will be, 

9 — 3 : 3 : : 36 — 12 : 12; 
and, 9 — 3 : 9 : : 36 — 12 : 36; 

193. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples Avill 
be 54 and 45 ; for, 

6 X 9 = 64, and 6 X 9 = 45. 

Also, m X -4, and wi x -B, are equi-multiples of -4 and 
2?, the common multiplier being m. 

194. Two quantities A and 5, which may change their 
values, are reciprocally or inversely/ proportional^ when one 
is proportional to unity divided by the other ^ and then theif 
product remains constants x 

1 92. Wlicn are quantities in proportion by division ? 

193. What are equi-jaultiples of two or more quantities ? 

194. When are two quantities said to be reciprocally proportional t 
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We express this reciprocal or inverse relation thus, 

in which A is said to be inversely proportional to B, 

195. If we have the proportion, 

A \ B :i C : D, 

B I) 

we have, — = ^vj (Art. 186); 

and by clearing the equation of fractions, we have, 
BG = AD. 

That is : Of four proportional qicantities^ the product of 
the two extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers, 

2 : 10 : : 12 : 60, 
which gives, 2 x 60 = 10 X 12 = 120. 

196. K four quantities, A^ B^ (7, 2>, are so related to 
each other, that 

AxB ^ B X C^ 

we shall also have, -j = -r^ ; 

and hence, A i B ii G \ D. 

That is : If the product of two quantities is equal to the 
product of two other quantities^ two of them may he made 
the extrem£s^ and the other two the means of a proportion. 

195. If four quantities are proportional, what is the product of the two 
means equal to ? 

196. If the product of two quantities is equal to the product of two 
Other quantities, may the four be placed in a proportion ? How t 
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Thus, if we have, 

2X8 = 4X4, 
we also have, 

2 : 4 : : 4 : 8. 

197« If we have three proportional qoantitieai 

AiBiiBi (7, 

, B G 

we have, A ^ B' 

hence, B^ = AG. 

That is: If three quantities are proportional^ the square of 
the middle term is equal to the product of the two extremes* 

Thus, if we have the proportion, 

3 : 6 : : 6 : 12, 
we shall also have, 

6 X 6 = 6» = 3 X 12 = 86. 

198. If we have, 

B 7} 

A : B :i (7 : -D, and consequently, 3 = 77 > 

Q 

multiply both members of the last equation by -^ , and 

we then obtain, 

O _1) 
A^ B' 

and, hence, A : G :: B : B. 

That is : If four quantities are proportional^ they wiU he 
in proportion by alternation. 

197. If three quantities are proportional, what is the product of the 
extremes equal to ? 

198. If fiour quantities are proportional, will they bo in proportion bj 
alteroatloa f 
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Let us take, as an example, 

10 : 15 : : 20 80. 

We shall have, by alternating the terms, 

10 : 20 : : 16 : 30. 

199. K we have, 

A \ B w C \ D^ and A\ B \\ E\ F^ 

we shall also have, 

B D ^ B F 

2 = ^, and 3 = ^; 

hence, 7^ ~ "^' *^^ C : I) : : JS : F. 

That is: J^ there are two sets of proportions Tvaving an arb- 
tecedent and consequent in the one^ eqtml to an antecedent 
and consequent of the other^ the remaining terms toiU be 
proportional. 
If we have the two proportions, 

2 : 6 : : 8 : 24, and 2 : 6 : : 10 : 30, 

we shall also have, 

8 : 24 : : 10 : 30. 

800. Kwe have, 
A : B : : C7 : 2>, and consequently, -j = -^, 

we have, by dividing 1 by each member of the equation, 

A C 

-^ = ^ , and consequently, B : A :: J) : (7. 

199. If you have two sets of proportions having an antecedent and con- 
sequent in each, equal ; what will follow ? 

200. If four quantities are in proportion, will they be in proportion 
when taken inversely f 
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That is : Four proportional quantities will be in proportion^ 
when taken inversely. 

To give an ezAmpIe in numbers, take the proportion^ 

7 : 14 : : 8 : 16 ; 
hen, the inverse proportion will be, 

14 . 7 : : 16 : 8, 
n which the ratio is one-hal£ 

301. The proportion, 

A I B i\ O : I>, gives, A x D =: B X C. 

To each member of the last equation add B X D. We 
shall then have, 

{A + B) X I) ^ {C + B) X B\ 

and by separating the factors, we obtain, 

A + B.B:\ C + B \ B. 

I^ instead of adding, we subtract B X B from both 
members, we have, 

{A ^ B) X B = {C -- B) X B\ 

which gives, 

A- B X B :i C - B \ B. 

That is: If four quantities are proportional^ they toiU he 
in proportion by ^composition or division. 

Thus, if we have the proportion, 

9 : 27 : : 16 : 48, 

201. If four quantities are in proportion, will they be in, proportion by 
composition? Will they be in proportion by division? What is the 
diflercnce between composition and division ? 
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we shall have, by composition, 

9 + 27 : 27 : : 16 + 48 : 48; 
, that is, 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 
The same proportion gives ns, by division, 
27 — 9 : 27 : : 48 — 16 : 48 ; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 

202. If we have, 

B _ D 

A " C 

and multiply the numerator and denominator of the first 
member by any number m, we obtain, 

— 5 = "7= , and mA : m£ : : C : D. 

mA C 

That is : Equal multiples of two quarUUiea have the earns 
ratio as the quantities themselves. 

For example, if we have the proportion, 

6 : 10 : : 12 : 24, 

and multiply the firsts antecedent and consequent by 6, we 
have, 

30 : 60 : : 12 : 24, 

in which the ratio is stiU 2. 

203. The proportions, 

A : J8 :: : D, and A : JB : : B : Fj 

202. Have equal multiples of two quantities the same ratio as the 
quantities ? 

203. Suppose the antecedent and consequent be augmented or dimin- 
lifhed by quantitiei haying the same ratio ? 
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give, AxD^BxC, and AxF=zBxE\ 

addmg and subtracting these equations, we obtain, 

A(I)±F)^B{C^E), or A i B i: C±E i D ±F. 

That \&i If C and 2>, the antecedent and consequent^ he 
augmented or diminished by quantities E and F^ which 
have the same ratio as C to JDj the resvUing quantities wiU 
also have the same ratio. 

Let us take, as an example, the proportion, 

9 : 18 : : 20 : 40, 

in which the ratio is 2. 

K we augment the antecedent and consequent by the 
numbers 15 and 30, which have the same ratio, we shall 
have, 

9 + 15 : 18 + 30 :: 20 : 40; 

that is, 24 : 48 : : 20 : 40, 

m which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have, 

9 : 18 •: 20 — 15 : 40 - 80; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is till 2. 

804. If we have several proportions, 
A : B :: 6? : 2>, which gives A x B = B x Cj 
A : B :: E: F, which gives A X F*z= B x E, 
A : B :: G : JT, which gives A x JET =z B X 0^ 

4&C., <S/C., 

204. In any number of proportions having the same ratio, how wiU 
any one antecedent be to its consequent t 
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we shall have, by addition, 

A{7) + F+JEr) = J3{C+JEJ+ G); 
and by separating the factors, 

A : J3 :: C + U+ G : D + F+ H. 

That is: In any number of proportions Tiaving the same 
ratio, any antecedent wiU be to its consequent as the sum 
of the antecedents to the sum of the consequents, •* 

Let ns take, for example, 

2 : 4 : : 6 : 12, and 1 : 2 : : 3 : 6, Ac 
Tlien 2 : 4 : : 6 + 3 : 12 + 6 ; 

that is, 2 : 4 : : 9 : 18, 

in which the ratio is still 2. 

305. If we have four proportional quantities, 
A : S i: C : D, we have, -^ = -p* 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is n, we have, 

-T^ = -^ , and consequently, 

A*: JB*:: C" : J>*. 

That is: If four qua^itities are proportional^ tfieir like 
powers or roots wiU be proportional. 

If we have, for example, 

2:4 : : 3 : 6, 

we shall have, 2^ : 4* : : 3^ : 6^ ; 

S06. In four proportional quantities, bow am like powers or roots f 
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that is, 4 : 16 : : 9 : 36, 

in which the terms are proportional^ the ratio being 4. 

306. Let there be two iets of proportions, 

A \ B \\ C7 : 2>, which gives -j = -r^J 

F H 

E \ F \\ Q \ "H^ which ^ves ;g = ^' 

Multiply them together, member by member, we have, 

B X F _ D X B: 
AxJS - O X G' 

A X F: B X Fi: C x G : B x IL 

That is : In two sets of proportional quantities^ the products 
of the corresponding terms are proportioned. 

Thus, if we have the two proportions, 

8 : 16 : : 10 : 20, 

and, 3 : 4 : : 6 : 8, 

we shall have, 24 : 64 : : 60 : 160. 



GEOMETRICAL PROGRESSION. 

a07« We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

206. In two sets of proportions, how are the products of the correspond- 
ing terms ? 

207. What is a geometrical progression? What is the ratio of the 
progression ? If any term of a progression be multiplied by the ratio, 
what will the product be? If any term be diyided by the ratio, what 
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If we naA e the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, divided by 
the preceding one, will give the same ratio. Hence, if any 
tenn be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed, is called 
a geometrical progression. Hence, 

A Geometrical Progression^ ov progression by quotients^ 
is a series of terms, each of which is equal to the preceding 
term multiplied by a constant number^ which number is 
called the ratio of the progression. Thus, 

1 : 8 : 9 : 27 : 81 : 243, <fcc., 

is a geometrical progression, in whicb the ratio is 3. It is 
written by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 : 2 : 1, 

is a geometrical progression in whicb the Fatio is one-half. 
In the first progression each term is contained three times 

in the one that follows, and hence the ratio is 3. In the 

second, each term is contained one-half times in the one 

which follows, and hence the ratio is one-half. 
The first is called an increasing progression, and the 

second a decreasing progression. 
Let a, 5, c, dyC^ff.,, be numbers, in a progression by 

quotients ; they are written thus : 

• a : b : c : d : e : f : g . . . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distino- 

will the quotient be ? How is a progression by quotients written ? Which 
of the terms is only an antecedent? Which only a consequent? HoMr 
muy each of the others be considered ? 
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tion, that one is a series fornied by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 

308. Let r denote the ratio of the progression, 

a : b : c I d . . . 

r being > 1 when the progression is increasing^ and r< 3 
when it is decreasing. Then, since, 

b c d e , 

S = ''^ 6 = •■' c = ''^ 5 = ''^ ^'' 

we have, 

b =1 ar^ c = br =z ot^^ d = cr =. at^^ e =^ dr z=i ar*^ " 
f z= er = ar^ . . . 

that is, the second term is equal to or, the third to ar^^ the 
fourth to ar^y the. fifth to a?**, &c. ; and in general, the nth 
term, that is, one which has n — 1 teiins before it, is ex- 
pressed by «r*"^ 

Let I be. this term • we then have the formula, 

I = ar*"', 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the folloAving 

BULE. 

I. liaise the ratio to a power whose ea^onent is one less 
thafi t/ie number of terms. 

IT. Multijjly the power thus found by the first term : the 
jYToduct will be the required term. 

208. By what letter do we denote the ratio of a progression ? In an 
iDcreaeiDg progression is r greater or leas than 1 ? In a dficreasing pro- 
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EXAMPLES. 

1 . Find the 6th terai of the progresaon, 

2 : 4 : 8 : 16 . . . 
in \rhich the first term is 2, and the common ratio 2. 
6th term = 2 X 2* = 2 X 16 = 32. Ana. 

2. Find the 8th tewn of the progression, 

2 : 6 : 18 : 64 . . . 

8th term = 2 X 3' = 2 X 2187 = 4374. Ana. 

3. Find the 6th term of the progression, 

2 : 8 : 32 : 128 . . . 
6th term = 2 x 4* = 2 x 1024 = 2048. Ana 

4. Find the 7th term of the progression, 

3 : 9 : 27 : 81 . . . 

7th term = 3 x 3« = 3 x 729 = 2187. Ana. 

'6. Find the 6th term of the progression, 
4 : 12 : 36 : 108 . . . 
6th term = 4 X 3* = 4 x 243 = 972. Ana. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day? Ana. $5.12. 

gression is r greater or less than 1 ? If a is the first term and r the 
ratio, what is the second teiin equal to ? What the third ? What the 
fourth ? What is the last term equal to ? Give the rule for finding the 
last term. 
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V. What is the 8th term of the progression, 

9 : 36 : 144 : 676 . . . 
8th term = 9 X 4' = 9 X 16384 = 14Y466. Ana. 

8. Find the 12th term of the progression, 

64 : 16 : 4 : 1 : 7 . . . 
4 

12th term = 64(-j = _ = - = ^^^. Jns. 

a09. We will now proceed to determine the sum of n 
terms of a progression, 

a : b : c : d : e : f : . . . : i : k : l; 

I denoting the nth term. 

We have the equations (Art. 208),- 

h = ar^ c:=br^ d == cr^ e = dr^ . , . k = ir, I = JcTy 

and by adding them all together, member to member, we 
deduce, 

8um<^l8tnumb«r8, Sum 0/ 2d memben, 

b+c+d+e+ ... +k+l={a + b + c + d+ . . . +i + k)r; 

in which we see that the first member contains all the terms 
but a, and the polynomial, within the parenthesis in the 
second member, contains all the terms but L Hence, if we 
call the sum of the terms /S, we have, 

S'-a - {S- l)r =z Sr — Irj .\ Sr - S = Ir — a; 
whence, S = 



r — 1 



209. Give the rule for finding the sum of the series. What is the first 
■tep r What the second? What the third ? 
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Therefore, to obtain the sum of all the terms, or smn of the 
series of a geometrical progression, we have the 

RULE. 

I. Multiply the last term hy the ratio : 
n. Subtract the first term from the product : 

in. Divide the remainder by the ratio diminished by 1 
and the quotient wiU be the sum of the series. 

1. Find the sum of eight terms of the progressioii, 

2 : 6 : 18 : 64 : 1S2 . . . 2 X 3' = 43H. 

^=^ = 1^^ = 6660. 
r — 1 2 

2. Find the sum of the progression, 

2 : 4 : 8 : 16 : 32. 

Ir ^ a 64 — 2 

8 = f = V = 62. 

r — 1 1 

8. Find the sum of ten terms of the progression, 

2 : 6 : 18 : 64 : 16*>. . . . 2 X 39 = 39366. 

Ans. 6904a 

- 4. "What debt may be discharged in a year, or twelve 
months, by paying $1 the first month, |2 the second month, 
$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment? 

. (Debt, . . $4096 
' ( Last payment, |2048 

6. A daughter was married on New-Year's day. Her 
father gave her 1^., with an agreement to double it on the 
first of the next month, and at the beginning of each succeed- 
ing month to double what she had previously received. How 
much did she receive ? An$, X204 164. 
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G. A man bought ten bushels of wheat, on the condition 
that he should pay 1 cent for the firat bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel, and for the ten bushels ? 

. j Last bushel, 1196 83. 
^' \ Total cost, $295 24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

. j Last, 140737488355328 bush. 
' \ Sum, 160842843834660. 

910. When the progression is decreasing, we have, 
r< 1, and /< a; the above formula, 

^ = ^, 

r — 1 
for the sum, is then written under the form, 

in order that the two terms of the fraction may be positive. 
1. Find the sum of the terms of the progression, 
32 : 16 : 8 : 4 : 2 

- 32 - 2 X ^ 

5 = ^ = ? = ^ = 62. 

1 r- r 1 1 

2 V 2 

210. What is the formula for the sum of the series of a decreasing 
progression f 
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2. Find the sum of the first twelve terms of the pro- 
gression, 

64 : 16 : 4 : 1 : ^ : . . . : 64^) , or ^ 



65536 



„ a-lr 65536 4 65536 «, . 65535 
5=- = = T = 85 4- 



1— r 3 ""3 196G08 

4 

91 1. Remark. — We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. Find the smn of six terms of the progresdon, 

612 : 12S : 82 • . . 

Am. 682|, 

4. Und the smn of seven terms of the progresdon, 

2187 : 729 : 243 . . . 

Am. 8270. 

5. Find the sum of six terms of the progression, 

972 : 824 : 108 . . . 

Am. 1456. 

6. Find the sum of eight terms of the progresaon, 

147456 : 36864 : 9216 . . . 

Ana. 196605. 

OF PBOGBESSIONS HAVIKG A2f INTINITE KUMBER OF TBRMB, 

913. Let there be the decreasing progression, 
a : b I c I d : e I f X . . . 

%] 2. When the progression us decreasing, and the number of terms in* 
.mite, whftt is the expression for the ralue of the sum of the series t 
18 
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oontaining an indefinite number of terms. In the formula, 
^ a - I r 

•iibstitute for / its value, ar"*" ', (Art. 208), and we have, 
«. fit — or* 

^ = -1-1:7^' 

which expresses the sum of n terms of the progressioiu 
This may be put under the form, 



1 — r . 1 — r 

Now, since the progression is decreadng, r is a proper 

fraction; and r" is also a fraction, which diminishes as n 

increases. Therefore, the greater the number of terms we 

take, the more will x r* dimimsh, and consequently, 

the more will the entire sum of all the terms approximate 
to an equality with the first part of /S, that is, to --^^ — • 
Finally, when n is taken greater than any given number, 

or n = infinity, then x r* will be less than any 

given number, or will become equal to ; and the expres- 
sion, ^ , will then represent the true value of the sum 
of all the terms of the series. Whence we may conclude, 
that the expression for the sum of the terms of a decreasing 
progression^ in which the number of tenns is infinite^ is^ 

that is, ejtic^ to the first term^ divided by 1 minus the ratio. 
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This is, properly speaking, the limit to which the partial 
turns approach, as we take a greater number of terms in the 

progression. The diflference between these sums and , 

may be made as small as we please, but will only become 
nothing when the number of terms is infinite. 

EXAMPLES. 

1. Find the sum oi 

We hare, fbr the expression of the snm of the terma, 
S = j-^ = = 2 = H. Ans. 



1 — X 



3 ^ 



The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 



« ^ 8/l\» 



1 

First take n = 5 ; it becomes,- 

nv 1 1 



2\37 "" 2 . 3f 162 
When n = 6, we find, 

2\3/ "" 162 3 "" 486* 



Hence, we see, that the error committed by taking - for 
the sum of a certain number of terms, is less in proportion 
88 this number is greater. 
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2. Again, take the progression, 

,1111 1 JiW 

^ • 2 • 4 ' 8 • 16 • 32 • "^ • • • 

We Lave, S = r = r = 2. jln«, 

2 
8. What is the sum of the progresdon, 

1 — r 1 _ _L ® 

10 

913. In the several questions of geometrical progreSi 
non, there are five numbers jo f^e considered : 

1st. Tlie first t'^rm, • • a. 
2d. The ratio, • • • • n 
3d. Tlie number of terms, n. 
4th. Tlie last term, • . L 
5th. The sum of the terms, S. 

914. We shall terminate this subject by solving this 
problem : 

To find a mean proportional between any two nnmbers, 
as m and n. 

Denote the required mean by x* We shall then have 
(Art. 197), 

05* = m X ni 



and hence, x = ^m x n. 



218. now maoj numbers are coosidcred In a geometrical progression? 
What are they ? 
114. How do yon find a mean proportional between two nomberif 
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That is : Multiply the ttco numbers together^ and extract the 
square root of tlie product. 

1. What is the geometrical mean between the niunbei-s 
2 and 8? 

Mean = ^^ x 2 = VTg = 4. 

2. What is the mean between 4 and 16 ? 

3. What is the mean between 3 and 27 ? 

4. What is the mean between 2 and 72 ? 
6. What is the mean between 4 and 64 ? 

therefore, |40 satisfies the enmiciation. 



Ans. 




Ana. 


8. 


Ans. 


0. 


Ans. 


12. 


Ans. 


16- 
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CHAPTER X. 



OF LOGARITHMS. 



215. TuK nature and properties of the logarithms in 
common use, will be readily understood by considering 
attentively the different powers of the number 10. They 
are, 



10« = 


1 


10> = 


10 


10« = 


100 


103 = 


1000 


10*- = 


10000 


10* = 


lOOOOi 


<&Cy 


&c. 



It is plain that the exponents 0, 1, 2, 3, 4, 5, <&c., form an 
arithmetical series of which the common difference is 1 ; and 
that the numbers 1, 10, 100, 1000, 10000, 100000, Ac, form 
a geometrical progression of which the common ratio is 10. 
The number 10 is called the ha^e of the system of logarithms ; 
and the exponents 0, 1, 2, 3, 4, 5, ifcc, are the logarithms of 

216. What relation exists between the exponents T, 2, 3, &c.? How 
are the corresponding numbers 10, 100, 1000? What is the common 
difference of the exponents ? What is the common ratio of the corre- 
sponding numbers ? What is the base of the common system of loga- 
rithraa? What are the exponent* ? Of what number is the exponent I 
th« logarithm? The expoucul 2? Tbe i^xponent 3 ? 
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the numbers which are produced by raisiug 10 to the powers 
denoted by those exponents. 

216. If we denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 ; that is, 
if we represent the corresponding number by M^ 

10'" = M. 

Thus, if we make m = 0, J!/" will be equal to 1 ; if m = 1, 
M will be equal to 10, &c. Hence, 

The logarithm of a number is the eocponent of the power 
to which it is necessary to raise the base of the system in 
order to produce the number. 

217. If, as before, 10 denotes the base of the system 
of logarithms, m any exponent, and M the corresponding 
number, we shall then have, 

10« = J/, (1.) 

in which m is the logarithm of M, 

If we take a second exponent n, and let N denote the 
coiTesponding number, we shall have, 

10« = N, (2.) 

in which n is the logarithm of N'. 

Ify now, we multiply the first of these equations by the 
second, member by member, we have, 

lO*" X 10" = 10"»+» = Jf X iV^; 

but since 10 is the base of the system, m + n is the loga- 
rithm M X N\ hence, 

216. If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number ? What is the logarithm 
of a number ? 

217 To what is the sum of the logarithms of any two numbers equal! 
To what, then, will the addition f f logarithms correspond? 
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The sum of the logarithms of any two numbers is equai 
to t/ie logarithm of t/ieir product. 

Therefore, the addition of logarithms corresponds to the 
muUiplicaiion of their numbers. 

91§. If wo divide Equation ( 1 ) by Equation ( 2 ), mem- 
ber by member, we have, 

10" M 

but mnee 10 is the base of the system, m — n is the loga^ 
rithm of -^; hence, 

J^ one number he divided by anothery the logarithm of 
the quotient will be equal to the logarithm of the dividend^ 
diminished by that of the divisor. 

Therefore, the subtraction of logarithms eorresponeU to 
the division of their numbers, 

Sin. Let us examine further the equations, 



IQO 


=1 


1 


10> 


zr 


10 


10» 


= 


100 


103 


=r 


1000 


Ac, 




Ag. 



It is pUdn that the loganthm of 1 is 0, and that the loga* 
rithm of any number between 1 and 10, is greater than 



218. If one number be divided bj another, what will the logarithm 
of the quotient be equal to ? To what, then, will the subtraction ofloga- 
rithms correspond ? 

219. What is the lognrithm of 1 ? Between what limits are the lo^»> 
rithms of 81 numbers between 1 and 10? How are thej goneralW c«- 
prfo df 
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and less than 1. Tlie logarithm is generally cxpri'sscd by 
decimal fractions; thus, 

log 2 = 0.301030. 

Tlie logarithm of any number greater than 10 and lesp 
•*han 100, is greater than 1 and less than 2, and is expressed 
by 1 and a decimal fraction ; thus, ^ 

log 50 = 1.G98970. 

Tlie part of the logarithm -which stands at the left of Ithe 
decimal point, is called the charactei'istic of the logarithm. 
The characteristic is always one less than the number of 
places of figures in tlie number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 



TABLE OP LOGAEITHMS. 

220. A table of logarithms is a table in which are vn » 
ten the logarithms of all numbers between 1 and some othf»^ 
given number. A table showing the logarithms of th-^ 
numbers between 1 and 100 is annexed. The numbers arf» 
written in the column designated by the letter N, and %he 
logarithms in the column designated by Log. 



IFow is it with the logarithme of mmbere between 10 and 100? Wh; • 
is that part of the logarithm called which stands at the left of the char- 
aotoristlc? What is the value of the characteristic? 

220. What is a table of logarithms? Explain the manner of findini 
\ne logarithms of numbers between 1 and 100 ? 
13* 
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TABLE. 



nr 

1 


Log. 


Tn 


Log. 


nr" 


■ w 


PJ- 


Log. 


U.UOOUOO 


26 


1.414973 


61 


1.707570 


76 


1.880814 


2 


0.:i0iu:^0 


27 


1.431364 


62 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


o.(;o2U(;o 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 


0.(15)8970 


30 


1.477121 


55 


1.740363 


80 


1.903090 


"6 


0.778151. 


3l 


1.491362 


56 


1.748188 


81 


1.908-185 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.618514 


68 


1.763428 


83 


1.919078 


1» 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 


1.000000 


35 


1.54-I0(i8 


60 


1.778151 


85 


1.929419 


11 


1.0-11303 


36 


1.656303 


61 


1.785330 


86 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


l.l-ini28 


39 


1.591065 


64 


1.806180 


89 


1.949390 


15 


1.17(;091 


40 


1.602060 


65 


1.812913 


90 


1.954243 


IH 


1.20U20 


41 


1.621784 


66 


1.819544 


91 


1.959041 


17 


1.230H9 


42 


1.623249 


67 


1.82fi075 


92 


1.9(>3788 


18 


1.255273 


43 


1.6334()8 


68 


1.832509 


93 


1.968483 


19 


1.278754 


44 


1.643453 


C9 


1.838849 


94 


1.973128 


20 


1.301030 


45 


1.653213 


70 


1 845098 


95 


1.977724 


21 


1.322219 


46 


Hi62T58 


71 


1.851258 


96 


1.982271 


22 


1.342423 


47 


1.672098 


72 


1.857333 


97 


1.986772 


23 


1 3«1728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.8(19232 


99 


1.995635 


25 


1.H97940 


50 


1.698970 


75 


1.875061 


100 


2.000000 



EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of 
logarithms. We have seen, Art. 216, that the sum of the 
locjarithms is equal to the logarithm of the product. There- 
fore, find the logarithm of 8 from the table, which is 0.903090, 
and then the logarithm of 9, which is 0.954243; and their 
Riin, which is 1.857333, will be the logarithm of the product. 
In soarchmg along in the table, we find that 72 stands oppa 
site this logarithm ; hence, 12 is the product of 8 by 9. 
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2. What is the product of 7 by 12 ? 

Logarithm of 7 is, . . . • 0.845008 
Logarithm of 12 is, . . . . 1.079181 

Logarithm of their product, . • 1.924270 

and the corresponding number is 84. 

3. What is the produpt of 9 by 11 ? 

Logarithm of 9 is, . . . . 0.054243 
Logarithm of 11 is, .... 1.041393 

Logarithm of their product, . 1.995636 

and the corresponding number is 99. 

. 4. Let it be required to divide 84 by 3. We have seen 
in Art. 218, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the 
logarithm of 84, and then subtract from it the logarithm of 
8, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 

The logarithm of 3 is, . . . 0.477121 

Their difference is, ... . 1.447158 
and the corresponding number is 28. 

5. What is the product of 6 by 7 ? 

Logarithm of 6 is, . . . . 0.778151 
Logarithm of 7 is, . . . . 0.845098 

Their sum is, 1.623249 

and the corresponding number of the table, 42. 



AATIOHAL SBRIES OF STAHBARB BCHOOL-BOOX:} 



D AVIE S' 

Complete Course of Mathematics. 

HIementxrs Course. 

DATTKS* PRIMARY ARITHMETIC AND TABLB-BOOK 

DA VIES' FIRST LESSONS IN ARITHMETIC 

DAVIES' INTELLEcrrUAL ARITHMETIC 

DA VIES* NEW SCHOOL ARITHMETIC 

KEY TO DAVIES- NEW SlMIOOL ARITHMETIC 

DA VIES' NEW UNIVKRSITY ARITHMETIC 

KEY TO DAVIES- NKW UNIVEIiSirV AIUTHMETIC 

DAVIES' 0UAMMA5it t>F AUITHMKnc 

DAVIES' NKW ELKMKNTAUV ALGKHUA 

KEY TO DAY IKS- NK K KLKMENTAUY ALOEBRA.. 

i)AVIE8' ELEMENTARY CKOMETKV AND TIMGONOMKTBY.... 

DAVIES* PRACTICAL MATHEMATICS ^^ 

SotiaurcD Course 

DAVIES* UNIVERSITY ALOEBRA 

KEY TO DAVIES* UNIVEUSITY ALGEBRA ^„ 

DAVIES' BOURDONS ALGKBKA 

KEY TO DAVIES* BOURDONS ALOEBRA 

DAVIES' LEOEMDRES OKOMErUV 

DAVIES' ELEMENTS OF BL'UVKVING 

DAVIES' ANALYTICAL GEOMETRY... 

DAVIES' DIFFERENTIAL AND INTEGRAL CALCULUS 

DAVIES' ANALYTICAL GEOMETRY AND CALCULUS 

DAVIES' DESCRIPTIVE GEOMETRY 

DAVIES' SHADES. SHADOWS, AND PERSPECTIVE 

DAVIES' LOGIC OF MATHEMATICS 

DAVIES' MATHEMATICAL DICTIONARY 

Datiu* Matukmatioal Cuakt (Sheet) 

This Series, combining all that is nio»t yahiable In the varinns methods of Eurnpeaft 
instruction, Improveil and matared by the siiifgi^tUHM of noHrly r4»rty yei»rs'oxi>f rience, 
oow TormA the only complete C4>n»eciitive CoHr»4 of Moth*-fnttiirA. h:*. motlidda, 
harmonizing a.« the work t>ron«* mind, carry the student on wnrd l>y the ."aiiio nnaitigitjc 
and the mme lavs of association, and are <-ttlcuiate<l U* impart a coniprehensivc lin<>wl> 
•<lge of the science, combinlnit clearnei»s in the several hraiichcN and unity and pri»{)or- 
don in the whole. The higher Hooks — in connection with l*tt»f. Chiirch'a CtUi-uiut 
and Analytical G«om^tri/—hrc^ the Text-books in the Military AradcMnies of tba 
United StMtes. Tlte Sn[»erintendents of i'ubllc InNtrm-tlon in wry iimny Sti-.tt^ 
nave officially recommendi-d tlilt* Series. It I-* adopted and in surressfiil use Iw th« 
Nonnal Bchtiols of New York. Michifran. Connccti<>ut, kimI other States and in a 
krge pro^>«»rti "a of the best Sfhool.s, AeadomJes. and Coliejres »»f the Union. Ths 
Reviseil E<iitions of the Ariilnnetie* emb«»dy all the lat<v«t wid most approved [a^ 
I of imparting a li.uowled^c of the science of numbers. 



A. B. Barnics Si Burr have the pIcMsnre of a-mounc^in;; as rktikrlt Nkw Wor.x 
y Professor Davik. entitli'd 

^ETtfENTS OF Al^'^LYT'CAL G^'MF.TRY, AND OF T.^K BIFFETi 
ENTIaL and INThOH/lL 'AL^ULTJS. — formiiig a compc-nd of the tv 
larirer T«>]nmes by l*rof. Davies on the respftctivo branchua treated of. U 
complete in itself, and contaiiia all tliai ia uccesaary C>r the geuerai studt-ui. 

Abo recently isaucd— 

NEV7 RT,EHv:HTAHY ALOEBRA, 

aNiVfiR?,ITY ALOEBRA, 

Fwrning, wL'ii the Auihor^i Boordon'a Al^bra, a complete and ecBioenttv« 

A. S. BA&NES & BURB, PubliaheM, 

61 and 6S John 8tr«et, Vvw Toik. 



HAliaNAL SEBIES Oj< STANDARD SCHOOL-BOaK& 



iriONTEITII AIVD IflcIV ALLY'S 
352 00-£1..^-P:b:X]E3S. 



MOWTBITH'S FIRST LESSONS IN GEOGRAPHY 

MONTEITH'S INTRODUOTION TO MANUAL OF GEOGRAFHY. 

MONTEITH'S NEW MANUAL OF GEOGRAPHY 

M«N ALLY'S COMPLETE SCHOOL GEOGRAPHY 



Monteith'8 First Lessons in G^eoRraphy— Introduction to Man- 
ual cf Geography— ninl New Manual of GeoRpraphy, are arranged on 
the CHtei'lietlral |i1an. which hHS b«^n |»roven to he the beat and iiuwt Htirct^SAfal 
inpt>i04l of trnching tlils branch of study. TIih f]tie9t1i>n8 and answers are models ol 
brevUy and adaptation, and the uiaps are simple, but accurate and beaiitifnl. 

McNally'S Geography completes the Series, and follows the fame eeneial 
plan. Tl>e iiih|« are Kpleiididly ensnivtHl. bfanllfiilly colonHl. and perr«>etly accnrHte; 
and a profilf «»f the conntry, tthowin^ the elevations «nd <ifpres»ions of iHnd. !«* jciven 
at tb** bottom of the niapsi. The onler and arrHnsremeiit of mHp (juesii.'riH \a also 
pccnlirtrly linppy and Kystt-matic, and the <K*8i'ri|H,ive iiiatt»'r jusi wha' I:* ntM'drd and 
nothing more. No Series hrretoforf pnbllHh*'d Iihh bet* n so extensively iPir«Nluoed ir. 
90 short a time, or gained (SUch a wide-spread |>upiilartty. 

TheRe Geoeraphles are useil more extensively In the Public Schools of Ne^w Vork, 
BriNiklyn. and Newark, tlian all others. 

^S^ A. B. Clakk, Principal of one of the lanrest Public Schools In Bmoklyn says 
*I have ustMl over a tlmusand copies of Mon^?ilb's Mnnnal of Oeoifr«f»by sinw^ itr 
«do].iion by the Board of Kdu<'Htfon, and am [>repared to say it is the best wo / /(M 
.•mior and Intermedinte classes in our schools I have ever seen."* 

77w Series, in whoU or in part, futs hepn adoptee! in ths 



New York State Normal School. 
New York City Normal School. 
New Jersey Stale Normal SchoDl. 
Kentucky State Normal School 
Indiana Slate Normal School. 
Ohio State Normal School. 
Micldffan State Normal School. 
York C<mnty (Pa) Normal Schoo^ 
Biooklyn Polytechnic Institute. 
Cleveland Female Seminary. 
Piiblte S<'li<M)ls of Mil Willi kia. 
Public SrIwHils ol Pittaburarh. 
Pnbllc Schools of Lancaster, Pa. 
Public Schools of New Orleans. 



Public Schools of New York. 
Public Schools of BrtMiiNlyn, L. L 
Public Schrnds «»f New Haven. 
Public Schools of Tcde<lo. Ohio. 
Public Sch«»ol8 of Norwidk, ('onn. 
Public ScImmiIs of Richmond. V» 
Public SchtN.ls of MHdi8<»n, W1& 
Public Schools of Indianapidia. 
Public S<*h<iols of Springfield, Maaa 
Public Schools of Odumbus, Ohia 
Public Scho.ds of llartfopl CU%nn 
Public S<h(Hds of Cleveland, Ohio. 

And other places too numeroiu cc 
mention. 



They have also been rewnurnendod by the 8tat« Sup^-rintendenia of iLLiNr.ii 
FDiAWA. WiMOOMSiN, MISSOURI, NoKTii CAROLINA, Ai.ARAMA, aud by niiiDerooa 
teAe^'^ra* Associations and tn^titute8 thruuehout the couniry. and are In successiW 
819 )*> moltitu^ 3 of Pablic and Privute Schools throughout the Uidied Statoa. 

A. 8 BAENES & BU&E, Fublisherd, 

61 He 5^ John Strnet. N9W To 



SATJOHAL SER IES OP 8TASDAS D SCHOOL-BOOKS. 

PARKER & WATSON'S READING SERIES. 

rHE VATIOSAL ELEXENTABT 8FBLLES. 

THS NATIONAL PRONOUNdNO SPELLER. 188 pagei. 

A full treatise, with words arranged and dasatfled aoeording to their ▼owil 
•oanda, and reading and dIotaUon exerckaeSb 

IKE NATIONAL SCHOOL PRIMER; or, '* PRIMARY WORD-BXnLBER.* 

(Deaultrully Illustrated) 

CHE NATIONAL FIRST READER; or, ''WORD-BUILDER." 

(BeaiitiMly Illustrated) 118 pag^ 

fHE NATIONAL SECOND READER 224 pages. 

Containing Primary Exercises In Artiealatton, Pronanclatton, end Panetnatloa. 
(Splendidly Illastrated.) 

THE NATIONAL THIRD READER 288 pagM. 

Containing Exercises in Aocen% EmphastSi Panotuatlop, &ol (Illustrated.) 

THE NATIONAL FOURTH READER 405 pages. 

C/«intaining a Course of Instruction in Elocution, Exercises in Beading; Declama- 
tion, Ac. 

THE NATIONAL FIFTH READER 600 pages. . 

WiUi noptooB Notea, and Bi«igraphtcal Sketches of each Writer. 



These Rradkks have been prepared with the arreatest care and labor, by Richako 
6 Parker, A.M., of Boston, and J. Madison Watson, an experienced Teacher of 
New York. No amount of *ab<>r or expense has been spared to render them as neat 
perfect tm poafctble. The Illustrations, wliich are from original designs, and cbt 
TypoKrapliy, are unrivalled by any similar works. 

The First Header, or *• "Word-Euilder," being the flret issued, la alreadj 
In extensive um. It Is on a plan entirely new and original, commencing with word* 
oJttHts Utter ^ and building up letter by letter, until sentences are formed. 

The Second, Third, and Fourth Headers follow the same inductivf 
plan, with a perfect aiul .«> bteiiiatlc grHilntlon. and a strict classification of subjects 
Tile pronnnciMtion mmI definition of difficult words are given In noteb at the botton: 
iif eacti pa^ Much attention has been paid to AHie^dtUinn and Orthoepy; am 
Exercises on the Elementary Sonnde and their combinations have bt«n so Introducec 
as to teach but one t'U-ment at a time, and to apply this knowledge to immediate U8€^ 
until tile wliole is aecnrately and thoroughly acquired. 

The Fifth Reader is a full M'ork upon Beading and Elocution tne works oi 
mr ny iiuth<»rH, amMent »ind modern, .'«ave l>een consulted, and more than a hncdica 
•taiiiianl writers of the Engli^li language, on both sides the Atlantic laid nnder con 
tiibution to enable the anttiora to present a collection rich in all that can inform thi 
un'lerstandin};, improve the taste, and cultivate the heart, and which, al the eanv 
lime. ^hHli furnish every variety of style and subject to exemplify the principles a 
Rlw>ti»rica] delivery, and form a fini&hed reader anri elocutionist, f^lassical and liia 
v^rioal iillu8i<MiR, so c* mmon among the best writers, have In all cases been explained 
»r.l "oneisf Biojjraphica! Sketches of authors from whose works extracts have beei 
*rit»'t«Hl. Itiive also been introdnced, together with Alphabetical and Chronol.»gira 
L rbb ol the Nii>ii«8 of Authors; thus rendering this a convenient text-book tbi fitu 
UokXM \p English Mn«] American Literature. 

A. S. BAHKES & BUEA, Fablishen, 

51 & 53 John Street* New T^ork 



ViLTIONAL SERIES OF STAITDASD SCHOOL-BOOKS 



ENGLISH GRAMMAR, 

BY S. W. CLARK and A. 8. WELCH, 
ooNsmme o# 

;LARK*S first lessons in ENGLISH ORAXMA&« 

JLARK*S NEW ENGLISH ORAMHAS 

CLARK'S GRAMKAHGAL CHART 

CLARES ANALYSIS OF THE ENGLISH LANGITAGE 

WELCH'S ANALYSIS OF THE ENGLISH SENTENCE 

A more Advanced Work, designed P,r Tliglier Classes In Academlee And Nonnal 
Schools By A. 8. Wklcii, A. M^ Principal of the State Nonnal Soboo. 
Michigan, at Ypsllantf. 



'Phe First Lessons in Grammar are prepared for yonng pnptia, and as «b 
ippmiiriHte lntroilucti<in to the lareer wurk. The elements of Orhmmar are here 
pr«K nied iu a series of gradual oral exercises, and, as far as possible, in plain daxoM 
words. 

Clark's New Grammar, it Is confidently believed, presents the only tru« 
and suRocivsriil method of tencliing the vcience of the English Lanpiage. The work i« 
thoroiiirhly progresisive and prartical ; the relations of elements happily illustrated 
•nd their anHlysi«i thorough and simple. 

This GrMinmHr has been officially recommended by the Superintendents of Pnblfe 
Instruction of Illinois, Wisconsin, Micfaignn, and MiKW>nri, and is the Text-book 
*«1«»pte<l in tlie StnU Normnf St'hoftUt of New York, and other States. Its extensi?! 
tirculation and universal success is good evidence of its practical worth and super* 
ority. 

Piofeesor P. S. Jewkll, o/t^s yew York State formal School, says: 

•• Clark's System of Grammar is worthy of the marked attention of the ft-iends of 
K«hKation. Its points of exceiienee are of the most decided character, and will act 
iotin be stirpassod.*' 

'* Let any clear-headed, independent-minded teacher roaster the system, and then 
give it a fair trial, and there will be no doubt as to bis testimony." 

"Welches Analysis of the Enf^lish Sentence.— The prominent featnrei 
of llii» work have been presented by Lectures to numerons Teachers* Institntes, and 
anani^nonsly approved. The classification, founded upon the fact tliat there are buf 
thn«f elements in tlie language, i% very simple, and. in many res|iects, now. Th# 
method of di^p4wing of citnnectives is entirely sa The author has endeavored << 
itndy the lauftfkage m it U, and to analyze it without the aid of antiquated rules. 

Tills woric is hisrh'y recommended by the Superintendents of Public Instruction o 
Michigan. Wincttnsin, and other States, and is being used in many of the best selioolw 
Uiroughout the Union. It was introduced soon after publication into Oberlin Ool 
lege, aKd bw mei with deserved success. 

A. S BARNES & BUBE, Publishers, 

61 * 63 John 8tr«««, Now York. 



SkTlVBAL 8EBIES OF 8TANDABD SCHOOL-BOOE& 

SPELLING AND DEFINING. 

IKE JUVEiriLE DEFINEK: A Cuilectlon and Clniwlficatjon of Familiai 
Worm »nd Namigh, correctly Siielleid. Accente<l, and Defined. By W. W. Suira 
Princl|>sl of O Hiiimar ScbiHil No. 1, New Y«>rk. 

Thin is an invaluable Ynmk fitr yonn^r cbiMron : instead nf hmg colanins of to tbom 
inconij»rolit-n>ihle Hud niouniii}rleiis wor«l>, llie losfiuns are forinetl of Ukkm; worils whicli 
tiify lit-ar and u>e altno<*t every dwy. but of which they have tbrnii'd only in)|ififi'Ct 
ififHM. The woril> are )fr«»ij|ied «iih reference to ^iIni1ar si};iiin<ittioit or use — «:« ih» 
sevLTHl kinti;* o| Uuiliunus coiii|»<we one cIhm; — ihr jilnil.** of Vb^hkia anoiher:- 
Vkiiiclks another: — CM»riia Hnoiher. A'c., «X;c.; eX|>erience having siiowii thai tb 
k lowitMlge of one wimi of a cla^s pro(1iice> in tbe |>n|iil a strong desire to know ai.> 
(•( lon»(ine to that clasa. witli tlieir various ^halle» of meanings, a|i]>lieatioM. &c. Tb« 
princiitni wonU uHed in tlie definitions are aI>o detincMi, an<l the nrrauifeiiieut i< such 
tbal alnnMl every word in tbe U>ok ia detine^l at the time or before ita euii>loyinenL 

THE GRAMMAR-SCHOOL SPELLER; or, SPELLER'S NEW MANUAL. 

C'ontairiinif liules fi»r Spbi.L'NU. wiiii nninenms Exatn|»iea to il!u>trate tlo* Appli- 
cation of each liule; tifrether witli a Inri^e CollecUon of tbe nio>t Ditficult VVord« 
In the En;:li^h Langnajre, «*orr»»ctly Si^elleil, Pronouncetl, and Defined. Arrauifed 
in ICH.-y LeJ>.M)n^ fi«r Int^rnttidiate CVrt«««»«. 

This hMik is cier»ijfMed f«»r fh«>se pnplls who have stndieil thn>uiErb the 'IrvKNit.ii 
Dkfinkk. TIk* lli.les or S|>elliiiif «re in simple lanirnage, haviii|e nniiierous e\arll|•!t'^ 
of fauii iar w.jfds attache.! to illustrate tbe Intent ofeai-h. Thes*- Kn e» tearh the 
foriHatlon of ilit* vreat inatohtr 'if tlie <ieri\aiivM6. and conaequentl> entinacv the 
greater ■•••riion iifilie w-or<i»« of th«* Innaruasre. 

T ♦* r^^Mm8 e«»n-l-t of wopl- );rou|H-d with reference to_ tbe saiiienes)* jf xumd o/ 
certain syllable^ «lifferenily Hpelieii : as nut/iufizf, «rf/-'*j«<», ituttl^f. koc ifirf- the 
(•ronnncl.iiioii of ench of tiie^e termiiiHtion> lia:> in it tlte sound of ize. tho'>i^h eY- 
j»re>8e«l by h tlitl'erent coiiilMhitlion of letters Atraui : hnmnc, hitrou(/fi. hfryomot 
utturyffiH. hiiu'hfu. b:tve ilie smmiihI of 6'<'' in tin* tlrsi syllable «if ench. wliile ♦•a<'h is 
spelled .lilTtTMHtly : tiie sanie may be said *r r/ttf/Ati/iM, cittj/i/, C/wiMtittn^ cryHtul— 
all roiiinienein}; with the Kouud of A' rut — and many otiiers 

Tbe Word.* «»f the l«'S8«»iis have iIjmi the pronunciatii>n {in itit/f'M), ami a short 
definition of t-ach attached — t'le who'e (;onipri>in^ llie uioat <tifti<^nlt words in tlie 
Ianj;iin::e. To winch iire added rooious Kxereis«-> in False t>ri»M!rr :phv— the words 
to lie written eorree.ijy by tbe piipiL It c»n al8«» be used ao a dictation exerci.se. 

THE SPF.LLER AND EEFINER'S MANUAL: IJeinj; a DICTION A IJY ana 
SPKLLING-DOOK c^Mohined, in which the nn^t llstful Words in the En-lisl. 
Lan:;na^e are Speiied. i'roriouneeil, and Defined, and arrauired In Cla^^es; tu 
g. iber w th Uides for Speillnsf, IVelises and Sut)l.\us. Kule.H for tlie IW of C'api 
tais, runciu:ition Markts. Qiiotuiiona from other Languages used in Knglish C^rii' 
pO£ tlon, Abbreviations, «&,c., •ii:<x To wbich is added a Vocubulury of UuiercncsL 

In this 1hm.1i. designed for tbe higheft class, we have. 1st, A dissertation on tht 
B«)iin<l^ of the Vt»wel> and t-otisonanls! their u>e8 and p'^vu-rs. "id. ltuie> for Sp'liing. 
M, l*relixe.«i ami !>ufU.\es. with their laeanin?:^. 4ih, run<-tuation inarkN and h<'W ic 
■ase ihein— llules for the u>e of (.'apilal-. Uules for letter and Note writinir. with 
.11 •:rraii)t. Ac. In ibe uttdy of the work there are about I i.h(>i» of the pr.m-ipal worif 
In ibe langns^fe— arransre<l in claiises aecordiui; t«» tiieir derivation, —eorreeiiy sp.l e^'., 

8n»r.«e.:u'.'!e '.. an 1 dvfl.ied— llie pronutn-iatioii liaving the vowel s«» inds iiiiuked by 
t:!tres whieli refer to a Key easily understood «nd applied. By ihi> arraiigeinc-.n 
th- knowledge of one wiml of a chiss will give some biea i»f rlie others. 

There are also Questions at the lM»Uoni of each pafje, which, to Ije correejly «u 
n*» red. require tbe pa;/d to keep constantly iu his mind the Rules for Spellmu. theii 
H*i 'i*»iion. ifcc 

'I Ids book t an also be used witli great ailv.intiisje as a DtCTiONAUY. As ibe ivt.r.i- 
ire uot ill MlpbuiteiiCNl order for obvious reascHis. mu ai|diabetie.al Vucabalary is plauw* 
It the ebd, b- whiub meaus any word in the book "an be foiind. 

A. & BABNES & BUHE, Publishers, 

51 * 63 Jokn Street, New York, 
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